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The mortar finite element method is a well-established method for the numerical solution of partial differential
equations on domains displaying non-conforming interfaces. The method is known for its application
in computational contact mechanics. However, its implementation remains challenging as it relies on
geometrical projections and unconventional quadrature rules. The INTERNODES (INTERpolation for NOn-
conforming DEcompositionS) method, instead, could overcome the implementation difficulties thanks to flexible

interpolation techniques. Moreover, it was shown to be at least as accurate as the mortar method making it
a very promising alternative for solving problems in contact mechanics. Unfortunately, in such situations the
method requires solving a sequence of ill-conditioned linear systems. In this paper, preconditioning techniques
are designed and implemented for the efficient solution of those linear systems.

1. Introduction

Contact mechanics is about the interaction of bodies as they move
close to each other. In this paper, the linear elasticity theory will be
used to find the deformed configuration of bodies coming into con-
tact. Contrary to single-body elasticity problems, contact problems are
intrinsically nonlinear even for the simplest linear constitutive model.
The nonlinearity is tied to the unknown contact interface and the result-
ing inequality constraints. Contact problems are extremely challenging
mathematically and we must emphasize that the existence and unique-
ness of a solution has only been proved in special cases. Yet, a wide
range of computational methods has been developed to meet the in-
dustry needs. Unsurprisingly, the inequality constraints tightly bound
computational contact mechanics with optimization. In addition, finite
element discretizations are typically used to approximate the infinite-
dimensional variational problem. Yet again, additional challenges arise
in the computations if compared with a single-body elasticity prob-
lem. Indeed, different bodies lead to different domains and the solution
to the underlying partial differential equation must be coupled across
them. This task is hindered by a priori independent discretizations of
the bodies, which lead to nonconforming meshes at the interface. The
underlying type of nonconformity is inherently geometric, meaning
there may exist small gaps or overlaps between the two discrete sub-
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domains. The issue has been traditionally addressed using the mortar
finite element method [1-3]. It is based on projection techniques for
transferring information between the interfaces. However, this method
is known to be difficult to implement and requires ad hoc strategies,
for instance to ensure sufficiently accurate numerical quadrature rules
and for the special treatment of cross-points when more than two sub-
domains meet. The INTERNODES (INTERpolation for NOn-conforming
DEcompositionS) method [4] appears as a very promising alternative
for solving problems in contact mechanics. It is a flexible interpolation
based method which overcomes many of the implementation issues of
the mortar method and was shown to be at least as accurate [5]. In
a recent paper [6], the authors have shown that INTERNODES, like
the Mortar method, allows to approximate the conservation of spe-
cific quantities, namely that both total force and total work generated
by the numerical solution at the interface of the decomposition van-
ish in an optimal way when the mesh size tends to zero. Preliminary
work in computational contact mechanics showed that the INTERN-
ODES method could be successfully applied but also revealed several
challenges in efficiently solving the sequence of linear systems arising
from the method [7].

In this work, we investigate preconditioning techniques for solv-
ing these linear systems. We propose an efficient preconditioner which
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achieves a very fast convergence independently of the mesh size. The
performance of the method relies on a single matrix factorization and
targets medium size applications. While the method performs best for
exact factorizations, it still performs well for inexact ones. Although
the preconditioner can be used for much larger applications, different
methods must be sought for solving linear systems with the precondi-
tioning matrix. Large 3D applications and related solution techniques
are left as future work. The remainder of the paper is structured as fol-
lows. Interpolation being one of the key features of the INTERNODES
method, Section 2 provides the necessary background. The emphasis is
set on a specific type of interpolation based on radial basis functions.
The section extends the work of [8] and discusses implementation as-
pects. Section 3 covers the mathematical modeling of contact problems
in its most basic form. A linear elastic constitutive model is assumed
for simplicity. From the strong form of the differential problem, the
weak form is derived followed by a finite element discretization. This
section covers the application of the INTERNODES method to contact
problems. Section 4 gathers some of the properties of the INTERNODES
matrix which is an essential step towards preconditioning. Section 5
presents preconditioning techniques tailored to the INTERNODES ma-
trix. Section 6 presents some numerical experiments illustrating the
effectiveness of the developed preconditioner. Finally, Section 7 sum-
marizes our findings and discusses issues and prospects.

2. Radial basis function interpolation

Interpolation is at the heart of the INTERNODES method and dis-
tinguishes it from mortar finite element methods which are based on
projection techniques. In the INTERNODES method, interpolation can
be either based on Lagrange or radial basis function (RBF) interpolants.
However, RBF interpolants are preferred for problems with geometric
non-conformities [4] (geometric non-conformities occur when the two
meshes are not watertight at the common interface and small holes
and overlaps may be present), and since it is the situation encoun-
tered in contact mechanics problems, this section gives the necessary
background on RBF. A part of the discussion extends the work in [8]
where several modifications to the classical RBF interpolation were in-
troduced. RBF interpolation is especially popular for the interpolation
of scattered data and has found applications in particular in neural net-
works [9] and the numerical solution of partial differential equations
[10,11]. For more details on radial basis functions, we refer the reader
to the survey paper [12], where both globally and locally supported ra-
dial basis functions are presented with an overview of their theoretical
properties including convergence of the interpolant to the true function
in a neighborhood of the interpolation point.

In the first part of this section, a short introduction to RBF interpo-
lation is given and the modifications introduced in [8] are discussed.
Necessary conditions for the modifications to be well defined were al-
ready established by the same authors. Sufficient conditions are now
derived and implementation aspects are discussed to ensure that the
interpolation matrices satisfy such sufficient conditions.

2.1. Anintroduction to radial basis function interpolation

Let E={¢,,) ,’;4:1 be a set of interpolation points where some func-
tion evaluations are known. We define the global interpolant IT,(x) of a
function f : RY - R as

M
0= Y v]lllx = &ull.r).
m=1

where y,ﬁ €R for m=1,...,M are coefficients and ¢ is a radial basis
function which depends on the euclidean distance ||x — &, || from the in-
terpolation point &,, and is parameterized by a radius r. Typical choices
for radial basis functions are listed in Table 1. In the table, the defini-
tion of ¢ is given as a function of the normalized distance § = w,
while (1 - 6), =max{0,1-6}.
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Table 1
Common radial basis functions.
Name ]
Thin-plate splines 5%1né
. . 1
Inverse multiquadratic Py
Gaussian splines e

Wendland C? (1=8)3(1+46)

Thin-plate splines, inverse multiquadratic and Gaussian splines are
all globally supported whereas the Wendland C? radial basis functions
are locally supported. A compact support is very interesting as it leads
to sparse interpolation matrices.

Let f. € RM be the vector containing function evaluations at the
interpolation points { f (ém)}ﬁfz , and y/ € RM be the interpolation co-
efficients. The interpolation conditions I1,(§,) = f(§,) form=1,....M
lead to the linear system

(DMMyf =f5’

where ®,,,, € RM*M is such that (®,);; = #(I€; — &;|.r). The radius
r being common to all interpolation points, the resulting coefficient ma-
trix @, ,, is symmetric. In addition, for many radial basis functions of
practical interest, ®,,,, is also positive definite and thus the solution
to the linear system is unique. This is the case when using for instance
Gaussian or inverse multiquadratic radial basis functions. This property
is also satisfied for the Wendland C? basis functions [13]. However,
this is not the case for thin-plate splines, where a low degree polyno-
mial term must be added to ensure that the interpolation coefficients
can be uniquely computed [12]. Moreover, radial basis functions that
take only nonnegative values generate nonnegative matrices (matrices
with only positive or zero entries).

Let A={¢,} ’1:’= be a set of points where the interpolant is to be eval-
uated. Let f, € RN be the vector containing the evaluations {IT (M) 5; iy
Then

-1
fr=Qpnpy! =Dy @301

and @y M‘DX} M defines an interpolation matrix. In [8] two modifica-
tions were introduced:

1. A localized radius was chosen for the radial basis functions. Thus,

@pap)iy =g = &ll.rp) ij=1,....M
@naij = U = &5llry) i=1,.

Using a localized radius allows to take advantage of a nonuniform
distribution of interpolation points. In regions where the density of
points is high, the radius can be reduced without affecting much
the accuracy and allows to spare storage for the interpolation ma-
trices. However, the localized radius unfortunately destroys the
symmetry of the matrix ®,,,, and the arguments used to prove
the positive definiteness of the matrix do not readily extend.

2. A rescaling of the radial basis functions was introduced which en-
ables the exact interpolation of constant functions. Let 1, € RM be
a vector containing only ones. We define

N, j=1L..,M.

¢ -1 -1
fr =@y @y, f: and g, = Oy, Dy, 1e

and set f, = ';i i=1,2,..., N. This rescaling is in fact equivalent
6T %,

T (x)

_ Ty (x)

a polynomial function, then IT is a rational function. On the alge-

braic side, the rescaling is equivalent to defining the interpolation

matrix

to defining a new interpolant IT,(x) = . Thus, if IT was initially

Ryym = Dy @@y
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where Dy y = diag(g,) is a diagonal matrix formed by the compo-
nents of the vector g,. The matrix Ry, will be used extensively
throughout the next sections. The numerical results presented in
[8] showed that the rescaling greatly improved the accuracy of the
interpolation. Yet, the rescaling is only possible if none of the com-
ponents of the vector g, is zero.

Therefore, to assert well-posedness of the interpolation, we must
find conditions which guarantee that:

1. The matrix ®,,,, is invertible.
2. The vector g, does not contain a zero entry.

Clearly, a necessary condition for the second requirement is that @,
does not contain a row of zeros. It is equivalent to ensuring that each
evaluation point ¢, for n=1,2,..., N lies in the support of at least one
basis function. In particular, the second requirement is met if all compo-
nents of g, are strictly positive. We will now find sufficient conditions
which not only guarantee the invertibility of ®,,,, but also the afore-
mentioned property.

2.2. Sufficient conditions for the rescaled-localized radial basis functions to
be well-defined

We will first find a sufficient condition for the matrix ®,;,, to be
invertible. Then, we will show that the second requirement is also sat-
isfied without further assumptions for some important classes of radial
basis functions, including Wendland C? and Gaussian splines. One of
the key concepts of this section is the one of (strict) diagonal domi-
nance. A matrix A € C"™" is said to be strictly diagonally dominant by
rows if

n
lagl> Y la| i=12,....n
Jj=1
J#i
An analogous definition exists for strictly diagonally dominant matrices

by columns. The proof of the next theorem can be found for example in
[14].

Theorem 2.1 (Levy—Desplanques theorem). Let A € C™" be a strictly diag-
onally dominant matrix by rows or columns. Then, A is invertible.

Consequently, ensuring that ®,,,, is strictly diagonally dominant by
rows is sufficient for its invertibility. Now, we are particularly interested
in knowing something about y = (DX} ule

Theorem 2.2. Let y be the solution of Ay =1 where A € R™" is a nonneg-
ative strictly diagonally dominant matrix by rows with unit diagonal entries
(a;=1fori=1,...,n) and 1 is the vector of all ones. Then,

O0<y; <1 i=1,2,...,n

Proof. We begin by proving a few useful implications. Considering the
ith equation of Ay =1, we have

n

y,.+zgijyj=l i=1,....,n (&)
Jj=1

J#i

Let us investigate different cases:

n
+ Assume that y; > 1, then, from equation (1), y; + 2 a;y; =
N—~— j=l, j#i
>1 S——
<0
1. Thus, there exists at least one index k # i such that y, <0 and
a; > 0.
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n
+ Assume that y; <0, then we deduce that y, + Z a;v; =1
S~ =l
<0 N

>1
Thus, there exists a y, > 1 for some index k # i. Indeed, since A4 is

nonnegative and strictly diagonally dominant by rows, even if all
v; = 1for j#i, we would have 3_, a;;v; = ¥, a;; < a;; = 1 which

J#i J#
does not satisfy the equation. Similarly, if all y; < 1 for j # i, we
still have Z;’=1 a;;v; < 1. Hence, there exists at least one index k # i

J#i
such that y;, > 1.
To summarize, we have the following implications:

cyi>1 = 3, <0 k#i
* 7,0 = 3y, >1 k+#i, from the first point we deduce that 3y, <
0 I#k.

These implications form a circle. We will now prove that havinga y; > 1
is in fact impossible, and therefore y; € (0,1] for i=1, ..., n.

Let i and k be two indices such that y; = max;y; and y, = min;y;.
Assuming that 3y; > 1 implies that y, = 1 +d with d > 0 since it is the
maximum. Then, from equation (1)

n

= 2 ey =d-

=
J#i

Since y; > 1, from our previous findings there exists a y; < 0. Thus, 7, <0
since it is the minimum. Now, let us remark that

n n

d=— Zaijyj <=7 Zai/ < =Yk
Jj=1 Jj=1
J#i J#i

where again we have used the assumption that A is strictly diagonally
dominant by rows. Thus, y; <1 —y,. Now considering equation k of the
linear system Ay =1, we have

n
Vit Zakjyj = ls
=

itk
thus,
n n
-y = Zakjyj SriZakj <7
j=1 j=l
j#k J#k

and y; > 1 — v, which is a contradiction. Hence, y; > 1 is impossible.
Since assuming the existence of a y, <0 leads to the existence of a
y; > 1, having a y, <0 is also impossible. Therefore, y; € (0,1] for i =
L...,n. O

The additional assumptions of nonnegativity with unit diagonal en-
tries are not limiting, as they are satisfied in particular by Wendland C?,
and Gaussian splines. Let us summarize the main results of this section.
Provided the following conditions are satisfied:

Cl ®p,, does not contain a row of zeros,

C2 ®,,,, is strictly diagonally dominant by rows,

C3 (a) D,y is nonnegative with unit diagonal,
(b) @y, is nonnegative,

then the matrix ®,,,, is invertible and g, = @y M‘DX; w1z > 0 compo-
nent-wise.
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2.3. The choice of the radius

We will now discuss how to ensure that the constructed matrix @,
is strictly diagonally dominant by rows while restricting the discus-
sion to the compactly supported Wendland C? radial basis functions. In
[8], different choices of RBF were considered, but the rescaled-localized
Wendland C? radial basis functions were the most promising because
of their good interpolation accuracy while being only locally supported.
Moreover, the numerical experiments reported in [8] revealed that the
condition number of ®,,,, grew very slowly with the size of the inter-
polation problem. Since matrix-vector products with the interpolation
matrix Ry, require solving a linear system with ®,,,,, a small condi-
tion number for this matrix is desirable. We recall that the Wendland
C? radial basis functions are defined as ¢(5) = (1 — §)2 (1 +45). Note that
this definition suggests ¢(5) decays extremely fast as § grows.

We must investigate how to enforce conditions C1 and C2. In fact,
for computational reasons, we will enforce a stronger condition (than
C1) on @, ,,: any of its nonzero entries must be safely away from zero.
This requirement is set to avoid dividing by a very small number (po-
tentially even smaller than machine precision). However, it was shown
in [15] that the entries of y could be arbitrarily close to zero. Thus,
the condition on the entries of ®y,, is not enough: we could poten-
tially encounter the situation where the only nonzero in a row of @y,
multiplies an entry of y = (DX; 1z which is e away from zero. Fortu-
nately, this situation is unlikely in practice. For any j=1,..., M, let r;
denote the radius of the basis function centered at &;. We will enforce
the following conditions:

3ee©,1): Vj=1....M ||§—¢&;ll, 2 cr; forany i # j, 2

ACe(e,D: Vi=1,..,N 3j: I§,— &L <Cr,. 3)

Condition (2) prevents quick loss of diagonal dominance of ®,;,,. In-
deed, if two distinct points &; and &; are too close to each other (relative
to the radius chosen), then ¢(||&; — &;ll,7;) # ¢(0,r;) = 1 and diagonal
dominance will be quickly lost. Condition (2) alone is critical and pre-
vents us from choosing a too large radius. On the other hand, condition
(3) avoids having a single nonzero entry in a row of @, ,, which is too
close to zero. Condition (3) is equivalent to stating that any point ¢; is
well within the support of at least one interpolation point &;. In other
words, it is safely away from the boundary of the support. If this con-
dition is not met, the point ¢; will be considered isolated and removed
from the set of evaluation points. A feasible situation is illustrated in
Fig. 1. From the figure, the number of nonzeros in the jth column of
@),y and @y, can be deduced: they are the number of points &; for
i=1,....,M and ¢; for i =1,..., N, respectively, in the support of &
Both are equal to 3 in Fig. 1. However, the number of nonzeros in each
row of ®,,,, and ®,,, can only be deduced once all radiuses have been
computed. More specifically, the number of nonzeros in the ith row of
@, is the number of supports to which point ; belongs. Similarly, the
number of nonzeros in the ith row of ®,, is the number of supports to
which point ¢; belongs. If the point ; does not belong to any support,
then the ith row of ®,,, will contain only zeros and the rescaling fails.
Such a point will also be considered isolated and removed from the set
of evaluation points.

Thanks to condition (2), and since ¢ is a decreasing function of ||x||,
we deduce that

ol = ¢&;ll,rp < —o)*(1 +40¢) i#j.

Let us assume that point &; belongs to the support of n different radial
basis functions (excluding itself). Then, there are n nonzero off-diagonal
elements in the ith row of ®,,,,. Consequently,

M
Y & —&ll.r) < n(1— (1 +4o).
j=1
J#i

51

Computers and Mathematics with Applications 127 (2022) 48-64

Ci+2
K2
Ci-‘rl

Y |
Ci

Cr; &Gl

T 2 Giot

&i-1 Cito

&

Fig. 1. A feasible radius r; satisfying condition (2). Point {;_; belongs indeed
to the support of &; but ||§;_; — &;ll, > Cr;. If Bk : |I§;_; — &ll, < Cry, then the
point ¢;_, will be considered isolated.

In order to enforce strict diagonal dominance by rows, we set the con-
dition

N S
(I—c)*(1+4c)
Thus, the interpolation point £ must not belong to too many different
supports. The number of supports is controlled by the parameter c. In
practice, it must be sufficiently greater than 0 but the range of feasible
values depends on the dimension of the problem. In order to choose
a suitable value of ¢, we can think of how many nonzeros we should
allow in each row of ®,;;,. Our choice is guided by the increasing
function f(c) = We must allow » to be sufficiently large for

a(l =) (1 +4c)<p0,r)=1 < n< &)

feasibility purposes. In fact, n > 2 is a minimum requirement for 2D
problems, based on the application we will consider next. Consequently,
¢ must also be sufficiently large. On the other hand, choosing ¢ too large
will much increase the orange area in Fig. 1 and might eventually also
lead to an infeasible problem. In all our experiments, we chose ¢ =
0.5 and never encountered any problem. This implies n <5 and ®,,,,
will never contain more than 5 off-diagonal nonzeros per row. Thus,
choosing the parameter ¢ determines n. The algorithm then proceeds
iteratively: each radius r ; is selected such that it satisfies condition (2).
This choice is not unique. An initial guess is made for the radius. If it
violates condition (2) (the radius is too large), r; is set to the largest
feasible value w Once all radii are known, the number of
nonzero off-diagonal elements in each row of ®,,,, is determined. If
any of these numbers is greater than », the matrix ®,,,, may not be
strictly diagonally dominant. In this case, the parameter ¢ is slightly
increased (allowing n to increase as well) and the process is repeated
until the number of off-diagonal nonzeros in each row does not exceed
n.

Choosing C is less critical and depends only on the function f(C) =
(1 = C)*(1 +4C). Any value of C for which f(C) is safely away from
machine precision is suitable. Thus, C must be sufficiently smaller than
1. In our experiments we chose C = 0.95. Consequently, if ¢; is not an
isolated node, then there exists an index j such that ¢(||; — &;ll,7;) >
3x 1073 thanks to inequality (3). The values for the parameters ¢ and
C mentioned here are only indicative. In our experiments, good results
were obtained over a relatively large range of values.

The discussion held so far shows that the conditions C1 and C2
which are enforced on the matrices ®,,, and ®,,,,, respectively, are
controlled by the radii of the radial basis functions only. Thus, the ma-
trices ®,, and ®,,,, which are subsequently assembled satisfy the
conditions by construction.
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Fig. 2. Contact problem between two deformable bodies.

3. The INTERNODES method for contact problems

The mathematical description of contact problems has been treated
in several references. For an in-depth discussion of the functional anal-
ysis, we refer the reader to the mathematical literature such as in
[16,17]. A discussion related to computational and implementation as-
pects can be found in [18]. The description we provide in this section is
neither complete nor rigorous. Instead, we wish to illustrate the applica-
tion of the INTERNODES method for the numerical solution of contact
problems. The three most popular solution methods in computational
contact mechanics are the penalty method, Lagrange multiplier method
and augmented Lagrangian method. The method presented in this chap-
ter is a Lagrange multiplier method.

In this section, we will first consider the continuous description of
a contact problem between two deformable elastic bodies. We will as-
sume a linear elastic constitutive model in static loading conditions.
The following three subsections are a formalization of the work of [7].
The strong form is first stated and the weak form is then established.
The finite element discretization is covered and combined with the IN-
TERNODES method: it leads to an algebraic system of equations and the
associated matrix will be referred to as the INTERNODES matrix. The
nonlinear nature of the contact constraints requires in fact solving a se-
quence of such linear systems. Their efficient solution will be the focus
of the upcoming sections.

3.1. Strong form

The strong (or differential) form of the problem stems from the bal-
ance of momentum and Newton’s laws of motion. We must define the
mathematical properties of the quantities involved. Let QX, k = 1,2, be
an open connected domain of R?, d = 2,3, with Lipschitz boundary such
that Q! N Q% =@. Let I, T\ and T% form a partition of the bound-
ary dQF. The contact interface I'c is common to both bodies. Thus,
Il =TZ =T¢. T% and T'%; are the Dirichlet and the Neumann exter-

nal boundaries of Q, respectively. We write 0Q% =T% uTX UT% with
F’B n F’;V =4, F’B n F’é =@ and F’]‘V n F’é ={. An illustration is provided
in Fig. 2. In this section, we will make all the necessary assumptions on
the regularity of the data for the problem to be well-posed.

Our goal is to approximate the displacement field u* of each body
k=1,2. We will formulate the equilibrium equations for a given body
k. The strong form of the problem reads: find u* : Qf — R¢ for k=1,2,
such that
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—div(e(u¥)) =f¥(x) in QF (a)
uk(x) = gh(x) onT* (b
o(ubn* = th(x) onl%, (¢ 5)
o(uk)n* = Ak (x) onl'c  (d)
A¥(x)-nk <0 on T (e)

Equation (5a) is the differential equation to be solved, ¢ : RY = R4 is
the Cauchy stress tensor, and f* € [L2(Q¥)]¢ is the body force acting on
the solid (for example the gravity). Equation (5b) prescribes Dirichlet
boundary conditions, g* is a prescribed displacement field on F’;). Equa-
tion (5¢) prescribes Neumann boundary conditions, t* € [L*(T )] are
surface tractions prescribed on F‘]‘V and n* is the unit outward normal
vector. On the contact interface I';, the normal vectors point in oppo-
site directions (n?> = —n'). Equation (5d) results from the interaction of
the two bodies. A¥ is the stress vector at the contact interface and is un-
known. Inequality (5e) is one of the Hertz-Signorini-Moreau conditions
[19] which are equivalent to the Karush-Kuhn-Tucker (KKT) conditions
in optimization [20,21]. Physically speaking, the stress state must be
in compression all along the contact interface. Compression is negative
according to the sign convention used in structural mechanics.

These sets of equations must be complemented with another of the
Hertz-Signorini-Moreau conditions. It takes the form of a compatibil-
ity condition of the displacement fields at the interface and ensures the
coupling between the two bodies. Indeed, in the deformed configura-
tion, the current position on the contact interface must be identical.
Thus,
ul +r!'=u?+r? on I'c

©

where r* is the position vector in the initial configuration. Furthermore,
note that 4! and A% are related through Newton’s third law by 4% =
—2!'. In linear elasticity, the stress tensor ¢ is a linear function of the
infinitesimal strain tensor

e(u) = %(Vu + vul),

for some displacement field u, which allows to introduce the constitu-
tive model as

o(u)=C : e(u) (@]

where C is the linear elastic fourth-order tensor, which can be simplified
to

(8)

for isotropic materials, with u, A > 0 the Lamé constants which are ma-
terial dependent (see [22] for a comprehensive introduction to constitu-
tive equations). We will restrict the discussion in this paper to materials
which follow this law.

Cijki = 46;j611 + H(8; 051 + 661,

3.2. Weak form

The surface tractions are unknown on the boundary F’I‘). Hence,
let us define V¥ = [H'(Q%)]¢ and choose v € Vok where Vok ={ve
vk V|« =0}, for k = 1,2, where the evaluation on the boundary must

D

be understood in the sense of traces of functions in V'*. Let us further-
more define the space Vrkn ={vevk: vlr;B =gk} and A = [L2(T)).

The weak form of (5a)-(5d) reads: find (u*, A¥) € Vll‘D x A for k=1,2
such that

/e(uk) : C:e(vk)dQ—//l"~vk ds
I'c

:/fk-vk d9+/tk-vk ds wrhevf

Qk

Qk

9

k
rN

We define the bilinear forms a; : V¥ xV* >R and b, : V¥xA >R
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ak(uk,vk)=/e(uk) 1 C:e(vF) dQ and
Qk
bk(v",/lk)=—/vk-,1k ds,
e}

and the linear functional F, : V¥ - R

Fk(vk)=/fk~vk dQ+/t" vk ds.
Qk rk

Thus, equation (9) may be more compactly written as: find (u*, A¥) €

VrkD x A for k = 1,2 such that

a (V) + b, (v, 0N = F (v whe vk

Now, for the compatibility conditions in equation (6), taking the inner
product with a test function w € A and integrating over the contact
interface leads to

/ul-wdS—/u2~wdS=/r2~wdS—/rl-wdS,
T, I T,

c c c I'c

that may be compactly written as (u' —u®,w)2¢ ) = % =", W) 2,
where (-,-) L2 denotes the inner product in L?>(T¢). To account for
the Dirichlet boundary conditions, we write u* = u’(; + sk where u’é € Vok
and sk € V¥ is such that Sk|1"5 =gk in the sense of the trace. We may
directly replace u* with uf +s* and all the previous equations can now
be combined in a single system as: look for (u’é, e VO" XA fork=1,2
such that

ayi,vH+b5,(v A =R —a st v w e

ay (3. v?) + by (V2. A1) = F,(v) — ay (s V%) W2 eV
(10)
(ué - “SsW)LZ(rC) =@?- rl,w)Lz(rc) VweA
A2=-2h

Equations (10) form a saddle point type system which is typical from
constrained optimization problems. The system is so named because
the solution is a saddle point of a Lagrangian function. These equations
are the first order conditions for a stationary point of the Lagrangian
function. See for instance [23] for the theory of saddle point problems
and their well-posedness. We will now derive their discrete counterpart
obtained through the finite element method.

3.3. Finite element approximation

We will approximate problem (10) by the Galerkin approach and
more precisely by using the finite element method. For this purpose
we introduce a triangulation r}f of the domain QF for k = 1,2 where
r’; = Ufi"l K* with K* being the finite elements and N, the number
of elements used to approximate the domain Q. The triangulations
are typically nonconforming in the vicinity of the discrete contact in-
terface. The nonconformity is essentially geometric. There might exist
small gaps or overlaps. However, T;l. and rﬁ taken alone are conform-
ing. We are seeking an approximation ug, of u; with uj, € V()Ifh cvf.
Similarly, we look for an approximation 1’;[ € A’}" c Ak. Note that in the
discrete problem, the interface spaces A}l and Afl must be distinguished.
Moreover, we must choose in which of these two spaces the test func-
tion w,, belongs. This choice amounts to deciding which body should
be the master (using the terminology of mortar methods). For the dis-
crete problem, we introduce some finite element spaces. Let X ’;,r be the
space of piecewise polynomials of degree r in each of the d components

with d =2,3 in Q’;l, the approximation of QF, such that

X, = vy €[CO@0N: vyl €P)? Kerf) k=12
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Its subsets are

V,{fo ={v,€X}, " Valpe =0}, th,ro ={v,eX}, : Valre =gk}
We must now introduce two intergrid transfer operators, IT;, : Afl - A;l
and Iy, : A] — AZ. The distinguishing feature of the INTERNODES
method is that they are interpolation operators (see [4,24]). In particu-
lar, due to the geometric nonconformities encountered in our problem,
they will be based on radial basis function interpolation. The finite
element approximation of (10), in which the coupling is achieved by
INTERNODES, reads: find (uf, , 1) € V¥ x A} for k =1,2 such that
ay(uy Vi) + bV, 4) = Fi(v) —ay(s),vy) W, €V,
@ (g, V) + b (VA7) = B(V) = ay(s5;,v,) W, €V,

1 2
(u()’hl]"lc _le(uo,hlré)’wh)L2(Flc,) (11)

2

= (le(rn|r2c) - ri'rg’wh)wrlc) Yw, € Ailz

A2 =Ty A
3.4. Algebraic system of equations

Since any v’;l for k=1,2 and w,, can be expressed as a linear combi-
nation of the basis functions of the respective finite dimensional spaces,
it is enough to enforce all the equations of (11) for all basis functions
of the appropriate spaces. Moreover, u(’jyh and l’,‘z can be expanded with
respect to the Lagrange basis of the respective space as

Wy, A=) ek,

J J

uS,h(X) =

where {wj?} and {¢f} are the basis of V¥, and A,

tice that {¢;?} are the restrictions to F’é of the basis functions {q/j?}.

respectively. No-

Furthermore, as we have already noted, the coefficients /1;? for k=1,2
are related. In the discrete setting, this relation may be conveniently
expressed using the intergrid transfer operators. These operators act
separately on each component of a vector valued function. Therefore,
the presentation can be restricted to a single component. By a slight
abuse of notation, we will also denote II,; the interpolation operator
acting on individual components. Thus, for any component j of the vec-
tor functions we have:

ﬂi’j(x) = —n21,1,'1‘j (x)
== Y 4 NEDG ) == Y0 AL ([T D (K] (),
1 1 i

where / and i denote summation indices taken over the interface nodes
of body 2 and 1, respectively, and xf are the interface nodes of body 2.
In the INTERNODES method, we need small interface mass matrices of

the type

My =@y ¢y k=12, (12)

where the indices i and j span the range of degrees of freedom on the
interface F’é. After a suitable ordering of the unknowns, the interpola-
tion matrices R, and R,, associated with the interpolation operators
IT;, and II,,, respectively, are block diagonal with identical blocks de-
fined as

(RY)i; = Tpd ), (RS =My ¢)x)), b=1,....d,

for appropriate indices i and j taken over the interface nodes. The alge-
braic system coupled by INTERNODES reads

Koo, Kar, O 0 0 \(ug,) (o

Kro, Krp, 0 0 My o, ||y
0 0 Koo Kar, 0 ||ug, |=|te, |
0 0  Kr,o, Krr, MRy ||ur, fr,
o M, 0 -MR, 0 ) s
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where the unknowns are denoted with a subscript I, if they belong to
the interface and with Q, otherwise, and k = 1,2 refers to the subdo-
mains. The matrices Kq o, Kq,r,» Kr,q,> and Kr,r,, k= 1,2, denote
the stiffness matrices for each subdomain, split into their interface and
non-interface parts. The vector s is given by s = M,(R,r, —rp,) and
R}, and R,; are the interpolation matrices introduced in the previous
section. The matrix M, can be eliminated from the last block row as
it is symmetric positive definite (and therefore invertible). It leads to
solving the linear system Ax =b with

Koo, Kar, 0 0 0
Ko, Krp O 0 -M,
A=| o 0  Koq, Kor, 0 |

0 0 Kr,0, Kr,r, MRy
0 I 0 -R, 0
ug fgl
ur, frl
x=|ug [ b= fgz s
ur, frz
A d

and d = Ry,rr, —rr, . The second formulation is slightly more appealing
from a computational point of view as it avoids unnecessary matrix-
vector multiplications with the matrix M, when solving linear systems
iteratively. Secondly, the vector d we recover has a direct physical
interpretation: it measures the nodal gap in the initial configuration.
Although we eventually chose the second formulation, the precondi-
tioning strategies we will investigate in the next sections can be easily
adjusted for the first formulation. However, regardless of which for-
mulation is used, one should notice immediately that the sign of the
Lagrange multipliers has not been enforced anywhere. Inequality con-
straints are a common source of nonlinearity in optimization and do
not spare contact mechanics [16-18]. In practice, the problem is first
relaxed by dropping the inequality constraints on the Lagrange mul-
tipliers, hence recovering a linear problem. On the discrete level, it
translates to solving a linear system. Once this linear system is solved,
the inequality constraints are verified. If any of the constraints are vi-
olated, the active set keeping track of the contact interface is updated
and the related blocks in the INTERNODES matrix and the right-hand
side are updated. This iterative procedure leads to solving a sequence
of linear systems A®™x™ =b®" for n=0,1,... until the constraints are
finally satisfied [15,7]. Techniques for solving efficiently this sequence
of linear systems will be discussed in Section 5. Before that, some of the
properties of the matrices involved will be discussed in the next section.

4. The INTERNODES matrix: its structure and conditioning

As we have seen, the continuous problem already has a saddle point
structure which we recover on the discrete level. It seems therefore
natural to preserve the structure from which the linear system stems. It
leads to considering a 2 x2 block structure commonly known as a saddle
point system in the literature. Thus, we will most frequently work with
the submatrices and subvectors of this linear system defined as follows:

Koo, Kor, 0 0 Ug, fo,
K Kr.o, Krr, 0 0 e fo fr,
0 0 Koo, Ko, ug, fo,
0 0 Kr.o, Krr, ur, fr
0
-M -
B= 1 B=(0 I 0 -R
0 ( 12)
M) Ry,

and we consider the linear system
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K B u f
(ﬁ 0) <l> - <d> ' (19
ﬁ—)v T

Let us denote n the size of the stiffness matrix K which represents the
bulk of the matrix and m the number of degrees of freedom on the
interface of body 1, which is the number of lines of B and the number
of columns of B. Thus, K € R™", B e R™™ B R™" with n>> m and
the vectors u,f € R"” and 4,d € R™. The matrix A will be referred to as
the INTERNODES matrix.

It is important to note that contrary to single-body elasticity prob-
lems, the stiffness matrix K is only positive semidefinite in general and
we denote s = dimker(K), the nullity of K. In the context of mechan-
ics, displacement fields associated to non-trivial vectors in the kernel
of the matrix are combinations of translations and rotations. They are
called rigid modes, as they do not generate any deformation of the body.
Consequently, the kernel of the stiffness matrix is a small dimensional
subspace with s =3 in 2D (2 translations, 1 rotation) and s =6 in 3D
(3 translations, 3 rotations) at most [25]. More precisely, the stiffness
matrix is singular if not all rigid body motions are blocked simulta-
neously for both bodies. A particular case is when Dirichlet boundary
conditions are not prescribed on one of the bodies. More generally, if
Dirichlet boundary conditions are allowed to be prescribed on separate
components of the displacement vector (as is customary in structural
mechanics), both blocks of the stiffness matrix could be singular simul-
taneously. When investigating computational methods, the structure of
K will be entirely ignored as it depends on the numbering of the nodes
in the mesh. We must only bear in mind that it is symmetric positive
semidefinite.

The matrices B and B are coupling matrices linking the degrees of
freedom on the interface. The iterative nature of the contact algorithm
means that these matrices will change from one iteration to the next.
Clearly the matrices B and B are very sparse. However, they contain
small dense submatrices. It is easy to verify that both matrices have full
rank m. Indeed, the matrix B contains the identity matrix in one of its
blocks whereas the matrix B contains the interface mass matrix of body
1 which, from finite element theory, is known to be symmetric positive
definite.

Let us now return to the INTERNODES linear system (13), that is
a nonsymmetric saddle point system. Such systems arise in an impres-
sively large collection of scientific disciplines including fluid dynamics
[26-28], optimization [29], electromagnetism [30-32] and contact me-
chanics [33,34,3] to name just a few. Due to the numerous underlying
applications, they have been extensively studied by the scientific com-
munity and there exists abundant literature on the topic. The survey
paper [35] is a well-established reference in the field and highlights the
variety of solution methods proposed. We will later rely heavily on it
for the design of preconditioners.

Verifying the well-posedness of the discrete finite-dimensional prob-
lem amounts to verifying the invertibility of the INTERNODES matrix.
The invertibility conditions were recalled and verified in [15]. The ver-
ifications revealed that the well-posedness of the problem depends on
the boundary conditions prescribed.

Our eventual goal being to efficiently solve linear system (13), in-
formation about the conditioning of the INTERNODES matrix is partic-
ularly relevant. The next theorem provides an insightful lower bound
on the spectral condition number of the INTERNODES matrix. The in-
terested reader is referred to the proof in Appendix A.

Theorem 4.1. The spectral condition number of the matrix A in (13) satis-
fies the inequality

B B
K(A)Zmax{KB(K)max{l,” I 1Bl
01.B

1 ka(K)ymax(1 IBll, 11BIl,
> B ) >
(W]

)

01,B O1,B

where
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. 1B
o g= max ||Kx|[l, o6,p= min [Kx|, xp(K)=
IIxll2=1 lIx]l,=1 OB
xeker(BT) xeker(BT)
. O1.B
o) 3= max [Kx];, o, 5= min [Kx|, k(K)=
lIxll2=1 lIxll=1 n.B
xeker(B) xeker(B)

Several important observations stem from this theorem. First of all,
it was shown in [36], Proposition 2.1 that for A to be invertible, we have
necessarily ker(K) nker(B) = {0} and ker(K) nker(BT) = {0}. Thus, nei-
ther o, 5, nor o, p can be zero. However, the closest these subspaces are
in some sense, the smaller ¢, 3 and o, 5 could be and thus the larger the
condition number of A. Experimentally, we found out that xz(K) and
k 5(K) behaved like O(h~2) for our application, where h is the mesh size.
According to the theorem, this condition number is amplified if || B||, or
|| B]|, are large. We indeed experimentally encountered this situation if
the quality of the interpolation was not good enough. This finding is a
clear motivation for preconditioning: not only does the condition num-
ber grow like A2 but it may even be amplified if the interpolation is
defective.

5. Preconditioning techniques

We now turn to the iterative resolution of the INTERNODES system
(13). Experimentally, the iterative condition number of the INTERN-
ODES matrix (that is K(A) = max; |4;(A)|/ min; |4,(4)|, where 4,(A) are
the eigenvalues of A) does not behave very differently from the one
for the standard Poisson problem. The usual 4~ growth of the iterative
condition number with the mesh size » was experienced even for very
different applications [4,7]. This property depends on the differential
operator and can be expected from second order unbounded operators.
Although the iterative condition number alone cannot fully describe the
behavior of iterative methods in the nonnormal case, we can still expect
the number of iterations to increase with the condition number. Precon-
ditioning techniques are used to keep a small iteration count despite the
growing size of the problem. In this section, a preconditioner for the IN-
TERNODES matrix A is proposed and theoretical properties related to
the eigenvalues of the preconditioned matrix are proved. The quality
of the preconditioner will be shown to depend on a parameter which
must be chosen suitably, according to some theoretical results presented
thereafter. The resolution of linear systems with this preconditioner is
then described with an algorithm.

5.1. Rescaling

The first issue we are facing for the iterative resolution of the IN-
TERNODES system (13) is linked to the different physical nature of the
unknowns in the solution vector x. It combines the displacement vector
u and the Lagrange multipliers A. These quantities may be numerically
different by several orders of magnitude. This difference carries over to
the different blocks of the INTERNODES matrix. The entries of the stiff-
ness matrix K are extremely large in comparison to those of B and B
and this difference is responsible for much of the ill-conditioning of the
matrix. We must therefore proceed with a rescaling. In effect, it will
lead to a solution vector x with all entries having the same units. A
simple and yet very efficient rescaling is given by

(% D)()=(5")

It simply consists in dividing the entire first block row by a scaling
parameter ¢ > 0 and performing a change of variables. We redefine
K « ('K, A« ¢7'A and f « ¢~'f. The scaling parameter { must be
chosen according to material properties. The most prominent material
parameter, which generates much of the ill-conditioning is the elastic
modulus E, which suggests to set { = E in case of a homogeneous ma-
terial.
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In the following, we will refer to the INTERNODES matrix as being
the rescaled matrix. Now, the residual norm for the rescaled system
|Ir,|l, behaves almost like a shift of the unpreconditioned residual norm.
We have

el =lIf — (Ku+ BA)||3+]1d - Bu]]3,
| I N —

llry 13 213

lle, 113 = g—lzllf — (Ku+ BA)|3 +||d - Bul|;

N S———

2 lir 113
Lrily

with [|ry [l > |Ir, ||, but || ,.|l, # [|r,,||,. The components of the residual
vector for the rescaled system have the same units. It can be under-
stood as a form of normalization designed to wipe out the effect of
material parameters. It allows us to conveniently choose a tolerance for
the stopping criterion of an iterative scheme independently of material
parameters.

5.2. Spectral properties of the preconditioned matrix

The abundant literature on saddle point systems (see for instance
[35-37,27]) provides us with several possibilities for preconditioning
the INTERNODES matrix. Let us recall that K € R"™" is symmetric pos-
itive semidefinite and B € R™" and B € R™" with rank(B) = rank(B) =
m. Special attention must be paid to the properties of the different
blocks of the system. In our case, we are seeking a preconditioner for a
saddle point system with a singular (1,1) block. For this reason, many
preconditioning strategies based on Schur complements (requiring an
invertible (1, 1) block) do not apply. On the contrary, techniques based
on augmenting the (1,1) block by adding a low rank term are most ap-
propriate when facing a singular (1, 1) block. These techniques lead to
the large class of augmented Lagrangian preconditioners. The precondi-
tioner we propose is a slight modification of an augmented Lagrangian
preconditioner proposed in [38] and based on earlier results from [36].
In [38], the author proposed a preconditioner of the form

K+BW-'B kB
M =
(" )

where k € R is a scalar parameter, W € R™™ is an invertible weight
matrix and we assume K + BW !B is invertible. In [38], the author
proved theoretical properties related to the clustering of the eigenvalues
of the preconditioned system. Here, we shall consider a generalization
of the preconditioner of [38] that consists in adding scalar parameters
a, B,y € R\ {0}. We therefore consider
K+aBW-'B —py~'B

M= . 14

( 0 —y~'w a4
We will subsequently discuss suitable choices for the parameters «,
and y as well as for the matrix W. The left preconditioned system reads

M~ Ax = M~'b. Studying the eigenvalues of the preconditioned matrix
M~'A amounts to studying the eigenvalues of the generalized eigen-

value problem Av = AMv, that is
K B\ [u _ K+aBW™'B —py~'B\ [u
B o/\p/™ 0 -y 'w ) \p/’

The second equation in (15) yields p = —yA~' W ~! Bu. (Obviously, 1 # 0,
otherwise the preconditioned matrix M~!A would be singular.) After
substituting back in the first equation and regrouping the terms we ob-
tain

(15)

A(A—DKu+ (@A> + pA+y)BW 1 Bu=0. (16)

Three different cases must be analyzed.
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« If u € ker(B), then equation (16) reduces to A(A — 1)Ku = 0. Since
Ku # 0, then A =1 is an eigenvalue of algebraic multiplicity
dimker(B)=n — m.

If u € ker(K), equation (16) reduces to (aA> + 1+ y)BW 1 Bu=0.
Since BW~! Bu #0, then aA? + 1 +y =0, which yields

-+ p?—4ay
2a ’

These eigenvalues have algebraic multiplicity s each. We must still
identify n+ m — (n — m+ 2s) = 2(m — 5) eigenvalues. Note that if we
set f = —2« and y = a, then we again obtain 4,, = 1 which is very
favorable, as we already have a cluster of eigenvalues located at 1.
If u ¢ {ker(K) U ker(B)}, then both terms of equation (16) must be
considered. After rearranging the terms, we obtain

Al,2 =

al+pA+y = .
Ku=—""""BW~'Bu=uBW'Bu,
u -7 u=u u

ai2+pA+y
a-»n "
problem. We can express 4 as a function of u since

3 M PEVB- WAyt
1.2 2(a + p) ’

In fact, if we set § = —2a and y = a, the expression simplifies con-

siderably as A = ( — u)? — 4y(a + u) = p®. Therefore, the remaining

eigenvalues are

having denoted y = This is again a generalized eigenvalue

a7

Ay=1and i, = )
a+u

Clearly, lim,_, ., 4, = 1. However, in practice, any a such that |a| >
|| will already lead to an increasingly good eigenvalue clustering.
As a matter of fact, even if the generalized eigenvalues u are in gen-
eral complex, when |a| > ||, the imaginary part of 1, is very small
and this guarantees the eigenvalue clustering around 1, providing
the good conditioning of the preconditioned matrix.

In summary, provided « and W are chosen suitably, the eigenvalues of
the preconditioned matrix are A= 1 of multiplicity n — m if u € ker(B),
4 =1 of multiplicity 2s if u € ker(K), 4 =1 of multiplicity (m — s) and
A= 1 of multiplicity (m — s) if ue C" \ {ker(K) Uker(B)}. Naturally, the
values y that are the generalized eigenvalues of
with C = BW~'B

Ku=uCu, (18)

depend on W. We will therefore proceed in two steps: by first choos-
ing W and characterizing u and then choosing « suitably. Although the
preconditioner defined in (14) is a generalization of the preconditioner
proposed in [38], with the choice f = —2«¢ and y = @, our precondi-
tioner is equivalent to the original preconditioner proposed in [38] after
setting k =2 and replacing W by a~!W. The advantage of our precondi-
tioner consists in introducing a new weighting parameter « that helps us
in clustering the generalized eigenvalues A of (15). In [38], iz =+p)!
and W must be chosen such that |y| is small. In our case, we highlight
the artificial weighting parameter a while considering a more natural
choice for W which will control |u|. This setup will ease the presen-
tation in the upcoming sections. The main contribution of our work is
not in proposing an entirely new preconditioner but rather making bet-
ter use of an existing one when it is applied to solve the INTERNODES
system.

The analysis above revealed that the choices f§ = —2a and y = a are
quite advantageous. Moreover, we choose W = M, the mass matrix on
the interface l"lc defined in (12). Thus, our preconditioner reads

)

In the next subsections we are going to bound the generalized eigenval-
ues u, this will help us in setting the parameter a to design the most
efficient preconditioner M for the INTERNODES matrix A.

-2B

K+aBM™'B
M= 1 1
( 0 a M (19)
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5.3. Sign of the generalized eigenvalues u

There are only 2(m — s) non-trivial eigenvalues y of problem (18) as-
sociated to eigenvectors in the subspace V" = C" \ {ker(K)Uker(B)}. All
the other eigenvalues y are either zero or infinity and lead to eigen-
values A = 1. The first issue we must resolve is related to the sign of
the real and/or imaginary parts of u. This information is valuable to
avoid some unfortunate situations. For example, assuming  is real and
a is chosen such that |a| ~ || but sign(a) = —sign(u), then, computing
a+ p would lead to cancellation and this quantity could get dangerously
close to zero. Since it appears at the denominator in equation (17), the
eigenvalues of the preconditioned matrix could increase tremendously.
Numerical experiments confirmed that such an event could have disas-
trous consequences for the preconditioner. We could safely avoid this
situation by knowing the sign of u. Let us consider the generalized
eigenvalue problem

Ku=puCu uelv (20)

with C = BM ! B. We define the generalized Rayleigh quotient

u*Ku

. ueS=C"\ {ker(K)Uker(BT) Uker(B)}.
u*Cu

q(u) =

The subspace over which u is taken must be further restricted with
respect to U° when defining the Rayleigh quotient, indeed, if u € R”
and u € ker(B7), then the denominator vanishes. We then consider the
field of values

P:{q(u): uGS}.

Clearly, the numerator of g(u) is positive for all u € S. Only the de-
nominator must be analyzed. The matrix C is expressed as C = -U, U2T s
where we have defined

0 0
U =—BmM- =| I U, =B =| 21
1= 1 - 0 ) 2= - 0 il
0, 0,

with the matrices Q) =—M, Ry M[' and Q, = —R],. Moreover,

u*Cu=—(U{w* (U w) = —(ur, +Qur,)*(ur, +Qjur,) =-y;y,,

with y; =up, + Q] ur, and y, =up, + Q] up,. Assuming the vector u has
real components, u” Cu would be positive only if the vectors y, and
y, would be pointing in two very different directions. This can only
happen if the matrices Q, and Q, are very different in some sense. This
situation seems highly unlikely provided the interpolation is accurate
enough. Therefore, in the general case, we can expect the eigenvalues
u to have negative real part. In fact, an important result may be stated
for the conforming case.

Lemma 5.1. For a conforming mesh, the matrix C is symmetric negative
semidefinite and the eigenvalues u of interest are all strictly negative.

Proof. In the conforming case, M, = M, and R, = R,; = I and one
can easily verify that ker(B) = ker(B”) such that the subspaces ¥/ and
S coincide. Moreover, C is obviously symmetric and y; =y, =y =up, —
ur,. Thus, w*Cu=—|ly|l3 <0 Yue€ U =S. Consequently, F C (—o0,0)
and in particular all generalized eigenvalues of interest are real strictly
negative numbers. []

After investigating the sign of y, we will now draw attention to its
modulus.
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5.4. Bounds on the generalized eigenvalues u

In this subsection, we seek bounds on the eigenvalues u of the gen-
eralized eigenvalue problem (20). We know that the matrix C has rank
m, and we will assume the following ordering for its singular values

61(C) 2 65(C) > -+ > 6,,(C) > 6,1, (C) = -+ 6,(C) = 0.

Denoting r =rank(K) = n — s, we will assume the following ordering for
the eigenvalues of K

ME)Z 1K) Z - 2 4,(K)> 4, (K) =+ = 4,(K) =0.

The next theorem provides an upper and lower bound on the modulus
of u.

Theorem 5.1. Let u be an eigenvalue of the generalized eigenvalue problem
(20), then it satisfies the following bounds:
A(K) A (K)

< < .
a© <=5 0

Proof. We define the following subspaces V = C" \ ker(K) and W =
C" \ ker(B) and let us note that ¥" C V and U C W. Without loss of gen-
erality, we assume all eigenvectors have unit norm. From the eigenvalue
problem, we have

IKully = |ullICullp.

We bound the left and right-hand sides as follows:

A(K) = max |[Kvl|l; 2 max [[Kv|l; = [|Kull; = |ull[Cul|,,
veC" ver

[Ivll2=1 Iviip=1

= mi < mi <
on(O)lul = min [u][|CVll; < min |u[|CV]ly < [ull|Cull,
[Ivilo=1 [Ivilo=1
and we obtain the upper bound
A1 (K)
lul < .
6, (C)

Similarly for the lower bound

A (K)= min ||Kv|[, < min ||Kv|, <|Ku|,= Cu||,,
AK)= min [[Kv], < min KVl < [Kull, = ]| Cull,
[Ivllz=1 [Ivllz=1

61(O)lul = max |ull|Cvlly = max [ull|CVly = [ull|Cull,
veC" veUr

[Ivll2=1 [Ivll2=1

and we obtain the lower bound

A,.(K)

lul > ——.

6,(C)

O

Theorem 5.1 provides an upper bound based on which we can
choose |a|. However, it is not a very practical result. Indeed, the com-
putation of ¢,(C) and ¢,,(C) may become expensive for very large prob-
lems. Therefore, we will instead seek bounds on those quantities. Let
us first reorder the matrix C as a 2 x 2 block matrix such that C,, the
(2,2) block, is the only nonzero block. For non-conforming meshes at
the interface, C,, is expressed as

(1, of)

-M _ I,
= (i, ) 7' e =) ==(5)
——

— 7

Y 2
where Q; = —M,Ry; M ! and Q, = —RY,. The matrices Y; and Y, are
submatrices of the reordered factors U, and U,, respectively, introduced
in (21). Therefore, we already have a low-rank factorization for the
matrix C,,. We already know that C,, has rank m and we would like to
find an expression for its truncated singular value decomposition. For
this purpose, we need orthonormal bases for ¥, and Y,. The next result,
taken from [39], will be useful.

(22)
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Lemma 5.2. Let Y € C™" and Q € C"~™X" with n > m be given by
v = (’ " ) .
o
Then the columns of U = (
forY.

IQ'" > (I, + 0*Q)~'/2 form an orthonormal basis

Proof. Clearly, the columns of U and Y span the same subspace. The
small matrix (I,, + 0*Q)~'/? is for the change of basis. Moreover, the
columns of U are orthonormal. Indeed, by a direct computation

Uu=\,+0'0)7"* (1, 0*) <15> I, +0°0)'?
=, +0* 0 U, +0'0,+0* 0 V=1, O

A direct application of the previous lemma shows that the columns
of the matrices

I
u=(m
(s

= <é’" ) Iy + 0307 /* =1y, + 0] 07"/
2

> I, +0To) "> =y, +070,)""/* and

are orthonormal bases for Y; and Y,, respectively. By using the latter
formulas in equation (22), we obtain

Cyp=-U(, +07 0", +0Y0)'* V.

Let us now denote Z; = (I,,+ Q7 0))'/? and Z, = (I,, + 0 0,)'/?. These
matrices are symmetric positive definite. We are only interested in the
singular values of C,,, not in the left and right singular vectors. Clearly,
the last expression shows that the singular values of C,, are the singular
values of Z,Z,. The next theorem provides bounds on those singular
values.

Theorem 5.2. Let 4,(M,) and A,(M,) denote the largest eigenvalue of
M, and smallest eigenvalue of M, respectively and let ¢(C) be a nonzero
singular value of C. Then, it holds

1sU(C)s\J(1+

Proof. To identify bounds on the singular values, we recall that the
singular values of a matrix A are the square root of the eigenvalues of
AT A or AAT depending on the dimensions of the matrix. Then, notice
that for all ve R”

2(My)

TRy I2) (14 IR 13).
Ty VRl (14 1R B

vI' 2,72 7,v _ y' zty
lIvii3

¥ Z;%y
with y = Z,v. Recalling that Z; and Z, are symmetric matrices, the
result follows immediately:

AnZD ' Zly  W(ZD)
MZ7D YT Zy T A2

02(Z)o(Zy) = =01(Z))o}(Z,),
from which we conclude that if (C) is a nonzero singular value of C,,
and therefore of C, then

6,,(Z1)0,(Zy) <0(C) L 0(Z))0\(Z,). (23)

We do not necessarily have to compute these singular values. In fact,
finding lower bounds on ¢,,(Z,) and ¢,,(Z,) and upper bounds on ¢,(Z)
and o(Z,) is enough for our intended applications. Since I,, + QITQI
and I, + Q2TQ2 are symmetric positive definite, the matrix square root
is well defined and the singular values (or eigenvalues) of Z, and Z,
are expressed as
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al-(Zl):\/l+/1i(QlTQl): \/1+0i2(Q1) i=1,...,m,

0i(Zy) =11+ 1,010 =1/1 4620y i=1....m

respectively. Then, we obtain straightforwardly

1<0,(Z) < A/1+110, 12 </ 1+ 1M 1M, 121 Ry 12

22(My)

— IRy 13,
AL (M)

1<00(Z) S \1+110212 = 1+ IR 512,

from which we deduce lower and upper bounds on the smallest and
largest singular values, respectively, of Z, and Z,. The result of the
theorem follows from the inequalities in (23). []

Combining Theorem 5.1 and Theorem 5.2 leads to the following
useful result:

< 2% 50
=5 ="

Although the analysis was not entirely trivial, the result is extremely
simple. In addition, the upper bound may be very cheaply approximated
using the Gershgorin circles. A much better estimate could be achieved
with a few iterations of the Lanczos algorithm or even with the power
method. See for instance [40] for a presentation of these methods. In
practice, a tight upper bound is not required, which allows to use the
cheapest available method. This result permits to choose a for instance
as a = —uyg with ug an upper bound on 4, (K). We can expect this choice
to lead to a highly performing preconditioner while at the same time
maintaining a moderate condition number for the (1,1) block of the
preconditioner, which will be useful when solving linear systems with
the preconditioner.

Interestingly, the result indicates that the preconditioner should be
unaffected by the conditioning of the INTERNODES matrix. In partic-
ular, the criterion does not explicitly depend on the matrices O, and
Q,, which will be verified in the numerical experiments of Section 6,
where an increased condition number by several orders of magnitude
only leads to a very small increase of the number of iterations.

5.5. Solving linear systems with the preconditioning matrix

Now that we have a criterion for choosing «, it remains to solve
efficiently linear systems with the preconditioning matrix defined in
(14): that is Mx =Yy, or equivalently

)()-()
X3 Y2
Using the block-triangular structure, the second equation immediately

yields x, = —aM ly,. Back-substituting in the first equation then leads
to solving a linear system for x,

K+ aBMI" B 2B
0 —a'M,

(K +aBM['B)x, =y, +2aBM; 'y, =¥§,.

Solving efficiently this linear system is the main difficulty of augmented
Lagrangian preconditioners. Our efforts are hampered for three reasons.
Firstly, the potential singularity of K prevents us from using the Wood-
bury matrix identity as a starting point for designing inexact solves.
Secondly, the low rank term BM 1’13 changes during the course of the
contact algorithm. Therefore, preconditioned iterative schemes would
require recomputing a preconditioner between the iterations of the con-
tact algorithm, which may be too expensive. The lack of symmetry
then further adds to the computational cost of the iterative scheme.
Thirdly, the matrix cannot be formed explicitly for very large contact
problems. Indeed, some of the blocks of the matrices B and B con-

tain interpolation matrices and their definition involves (1334' v which
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is completely dense. Moreover, any sparsity left in the nonzero blocks
of B and B is destroyed when carrying out the multiplication with
My 1. Designing a strategy addressing all three difficulties together is
increasingly challenging. Solution methods for related problems can be
found in [26,27,41] and are essentially based on multigrid methods.
The approach we propose in this paper is well-suited for medium size
applications. Its extension to larger applications will be discussed subse-
quently. Our strategy consists in two steps. Firstly, the stiffness matrix
K is replaced by K = K + eI, with ¢ > 0. Adding the term eI, to K
leads to a symmetric positive definite (and therefore invertible) ma-
trix. Hence, K admits a Cholesky factorization K = LLT where L is a
lower triangular matrix. The Cholesky factorization is unique for sym-
metric positive definite matrices. Our strategy then relies on exploiting
the sparsity of the blocks B and B. At the heart of our method lies the
following theorem.

Theorem 5.3. Let the matrix K + aBM 1‘1 B be ordered such that
_ . (K, K 0 0
RraBm-tB= (%K1 Kol _

TeE <K21 Ky, “\o v, Yy

with Y, and Y, defined in (22). Moreover, let

L, O )
L=
<L21 L22

be the Cholesky factor of K and let us denote G = I —aL;}Y, Y, L;]. Then,
K +aBM;"' B admits a block LDL” factorization given by

Ly 0 N(1 O\(L{ Ly\_ ;7
L,y Ly,)\0 G 0 Ll ’

Proof. Since K = LL”, a simple substitution leads to

K+aBM;'B= <

K+aBM['B=LL" +aBM;'B=L(I +oaL™'BM;'BL™")L".

The sparsity of the matrices B and B can be used to simplify the com-
putation of L~ BM ' BL™":

-T -TyT y-T
)(0 0 T) (Ln —L 1:2T1L22 )
0 -1y, 0 L

B <0 0 >
- -1 Tr-T |-
0 —-LMY L]

L'BMT'BLT

< L] 0
= -1 -1 p-l
—Ly, Ly Ly 22

Therefore, we obtain
_ - L 0 I 0 LT
K+aBM'B=( "1 11
FaBM, ( Ly Lyp)\0 I-alvy7 L7 )\ o

T
L ) '
L22

Consequently, assuming G = I —a L) Y, Y] L;] is invertible, the in-
verse of K +aBM; ' B admits the explicit expression

(K+aBM;' By

-T -TyT 7-T -1
=<L11 _LnI:zT]Lzz )(I (11>< 71Ln » (31>
0 L22 0 G —L22 L21L11 L22
=LTp L1,

We will denote b, and b, the sizes of L,; and L,,, respectively with
by < by Consequently, solving a linear system with K +«BM; ' B only
requires the solution of two large triangular systems and another very
small linear system with the matrix G. In linear elasticity without any
remeshing, the stiffness matrix K does not change during the iterations
of the contact algorithm. Thus, we may conveniently compute only a
single Cholesky factorization of K and reuse it during all subsequent
iterations of the contact algorithm for solves with the preconditioning
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Fig. 3. Hertzian contact problems, at left the first configuration, at right the
second one.

matrix. On the other hand, the matrix G is completely dense. However,
if the problem is small enough, it can be computed explicitly and di-
rect methods can be used to solve these small linear systems. It must be
noted that the Cholesky factorization is not the only factorization pos-
sible. The proof can be easily adjusted to accommodate LU or LDL”
factorizations of K. However, the Cholesky factorization is the natural
choice for obvious storage reasons.

For very large problems, resorting to a Cholesky factorization or
even forming the matrix G becomes infeasible. However, the same strat-
egy could potentially be used with only a few adjustments. First of all,
an incomplete Cholesky factorization of K can be used instead of the
complete one. Secondly, linear systems with the small matrix G may be
solved iteratively. However, using an incomplete Cholesky factorization
of K will surely have a negative impact on the clustering of the eigen-
values of the preconditioned matrix. Some early numerical experiments
are reported in the next section for a quantitative assessment.

6. Numerical experiments

In this section, the quality of the preconditioner is tested on contact
problems of increasingly large size. We will consider as benchmark the
classic Hertzian contact problem between two elastic bodies with two
different loading conditions.! The considered geometry and boundary
conditions are shown in Fig. 3.

The first body is represented in gray and the second one in white.
Between them lies the potential contact interface I'- represented in red.
The first body is subjected to homogeneous Dirichlet boundary condi-
tions on its base (in blue in the figure). The only difference between our
two configurations lies in the boundary conditions of the upper body.
In the first configuration (Fig. 3, left), we prescribe non-homogeneous
Dirichlet boundary conditions on its top edge. In the second configura-
tion (Fig. 3, right), a uniform traction is instead applied on this same
edge. Therefore, the second body is only subjected to Neumann bound-
ary conditions. This will result in a singularity of the stiffness matrix K.
The geometry has been discretized with P, finite elements of mesh size
h. To solve the contact problem we adopt an algorithm, here referred
to as the contact algorithm, which usually requires solving a sequence
of linear systems and not just a single one. This algorithm calls many
different functions that include:

1. Computing the radii of radial basis functions.

! The code used in this work is freely available at the following address:
https://c4science.ch/diffusion/CONTACTINTERNODES/.
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Table 2

Mesh sizes and block sizes for configuration 1.
h n m
0.1 530 18
0.05 1956 34
0.01 46 484 114
0.005 184 134 88

Table 3

Mesh sizes and block sizes for configuration 2.
h n m
0.1 552 18
0.05 1998 34
0.01 46 686 114
0.005 184 536 88

2. Assembling the interpolation matrices, interface mass matrices and
stiffness matrix.

3. Solving the linear systems with the INTERNODES matrix.

4. Verifying the convergence of the algorithm.

The maximum number of iterations for the contact algorithm was set to
10. Most of the time, it converged within two to three iterations with
the exception of the run with the very small mesh size, here i = 0.005.
The mesh sizes and the corresponding block sizes of the matrix 4 we
have considered are reported in Tables 2 and 3.

The block size n depends on the total number of unknowns, thus,
the second configuration leads to a slightly larger n due to the Neu-
mann boundary conditions. The block size m is equal to the number
of degrees of freedom on Flc and changes at each iteration of the con-
tact algorithm. The values reported in Tables 2 and 3 correspond to the
first iteration of the contact algorithm. The block size is controlled by
radial basis function interpolation requirements and the interpolation
matrices were constructed following the strategies presented in Sec-
tion 2. We will solve the contact problem for these two configurations
using a right preconditioned GMRES method [42] for solving the lin-
ear systems. Figs. 4 and 5 report the decrease of the residual norm for
configurations 1 and 2, respectively, corresponding to the first itera-
tion of the contact algorithm. In all numerical experiments, an absolute
stopping criterion was used on the norm of the residual vector with a
tolerance of 1078 and a GMRES restart value of 100. The elastic modulus
was E =30 x 10° Pa and the Poisson ratio was v =0.2. As for the value
of «, it is computed internally with the matrix infinity-norm used to
provide a cheap upper bound on the largest eigenvalue of the stiffness
matrix (« = —||K]||,)- Since K is symmetric, the matrix 1-norm yields
the same result. For 2D problems, the largest eigenvalue of the stiffness
matrix is independent of the mesh size [43]. Our criterion for com-
puting « captures this feature, leading to a roughly constant numerical
value a = —7.5023.

Figs. 4 and 5 firstly indicate that the number of iterations needed to
reach the prescribed tolerance is almost independent of the mesh size.
This is an extremely precious property when using an iterative solver
such as GMRES. As its cost increases at each iteration, the method is
efficient only if the iteration count remains small. Secondly, the pre-
conditioner is robust: cases with singular or invertible stiffness matrices
are handled equally well, which does not come as a surprise as our pre-
conditioner was designed to handle singular stiffness matrices. Thirdly,
we noticed that the quality of the preconditioner was not affected by the
geometry. More complicated case studies with several points of contact
were also solved within a few iterations.

When the size of the matrix K is very large (especially in 3D prob-
lems) the Cholesky factorization could become prohibitively expensive.
In this case an incomplete Cholesky factorization could be used instead
of the complete one. Although the experiments should be carried out on
very large matrices, we report here some preliminary results on small
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Fig. 4. Residual norm for configuration 1 using a complete Cholesky factoriza-
tion.
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Fig. 5. Residual norm for configuration 2 using a complete Cholesky factoriza-
tion.

matrices. We emphasize that these are early numerical results and are
not meant to draw definite conclusions. We did not carry out an exhaus-
tive grid search of parameters of the incomplete Cholesky factorization.
Instead, a single dropping tolerance of 10~ is used to compute the in-
complete factorization. The results for both configurations are shown
in Figs. 6 and 7 and the iteration counts are listed in Table 4. For
the first configuration, using an incomplete factorization still leads to
a very good preconditioner, however, the iteration count increases with
the size of the matrix. For the configuration having a singular stiffness
matrix, more serious issues are encountered: the incomplete factoriza-
tion produces nonpositive (most likely zero) pivots and consequently
the factorization fails. This is expected since the perturbed stiffness ma-
trix, defined as K = K + eI, with e = 1078, will see the perturbation eI,
wiped out with a dropping tolerance of 107, Without it, the positive
definiteness of K is lost, the matrix becomes singular and the factor-
ization fails. An easy workaround is to increase the magnitude of the
perturbation by choosing ¢ larger than the drop tolerance. For instance,
setting e = 1073 instead of 10~8. While it successfully removes the issue,
it also further degrades the quality of the preconditioner, as testified
by the increased number of iterations needed to satisfy the stopping
criterion for a given tolerance. Moreover, we notice that although the
Cholesky factorization exists for every symmetric positive definite ma-
trix, the incomplete factorization may fail. More investigation is needed
before drawing definite conclusions on the prospects of incomplete fac-
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Fig. 6. Residual norm for configuration 1 using an incomplete Cholesky factor-
ization.
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Fig. 7. Residual norm for configuration 2 using an incomplete Cholesky factor-
ization.

Table 4
Iteration counts for configurations 1 and 2 using an
incomplete Cholesky factorization.

h Configuration 1 Configuration 2
0.1 7 9

0.05 8 12

0.01 20 32

0.005 37 64

torizations. We certainly do not claim incomplete factorizations are the
best strategy. On the contrary, future work should explore possible us-
age of algebraic multigrid methods for inner solves with the matrix
K+aBM['B.

According to Wathen [44], the cost of solving a linear system with
the preconditioning matrix should balance the cost of computing a
matrix-vector multiplication with the coefficient matrix. These two cost
components are briefly analyzed here. Since m < n and due to the spar-
sity of the matrices B and B, matrix-vector multiplications with the
INTERNODES matrix A are dominated by the sparse matrix-vector mul-
tiplications with the stiffness matrix K. Thus, computing Ax is expected
to cost O(nzz(K)) where nzz denotes the number of nonzero entries.
The cost for solving a linear system with the preconditioning matrix
M is dominated by the inner solve with the matrix K + «BM'B. Our
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Fig. 8. Ratio of measured computational times for an application of M~! and A
as a function of the ratio of number of nonzero entries in L and K.

Table 5

Spectral condition number of Q,, O, and A.
h x(0)) x(0,) K(A)
0.1 1.12x 10° 4.86 % 10° 8.31x10°
0.05 3.37x 107 1.89 x 107 2.78 x 10°
0.01 2.22x 10" 1.66 x 10" 5.08 x 10°
0.005 7.37x 10 5.49x 10 3.89x 107

strategy for medium size problems relies on solving two triangular sys-
tems with the Cholesky factor L of a perturbed stiffness matrix and one
much smaller linear system. Thus, the expected cost is O(nzz(L)). De-
spite sparse reordering strategies, nzz(L) > nzz(K), such that applying
M~! is more expensive than computing matrix-vector products. Fig. 8
represents the ratio of computational times measured for an application
of M~! and A as a function of the ratio of the number of nonzero en-
tries in L and K. This experiment reuses the same mesh sizes. In order
to measure the application cost of M~! independently of the number of
iterations of the contact algorithm, the preconditioner setup time is not
included. Then, as expected, the trend is linear if the problem is large
enough.

Although incomplete factorizations reduce the preconditioner’s foot-
print, they also increase the iteration count and the memory consump-
tion of GMRES. For all our experiments on medium size problems, the
higher application cost of M~! using complete factorizations always
paid off and largely counter-balanced the increased number of itera-
tions induced by incomplete ones.

The theoretical results of Section 5.4 indicated that our criterion for
choosing « did not explicitly depend on the matrices Q, and Q,. We
propose to verify it experimentally by artificially increasing the condi-
tion number of the matrices. This test case illustrates the theoretical
findings beyond contact problems. We recall that the matrices O, and
Q, are defined as Q| = —M, R, M;"' and Q, = —R],. The matrices R,
and R, are replaced by increasingly ill-conditioned matrices with pre-
scribed singular values. The spectral condition number of these matrices
and of the saddle point matrix itself is reported in Table 5 for the dif-
ferent mesh sizes.

Our criterion for choosing « only depends on the stiffness matrix and
is roughly constant for 2D applications. For the sake of the comparison,
it was fixed at @ = —10 independently of the mesh size. The right-hand
side vector was taken as the vector of all ones and the parameters of
GMRES were kept unchanged (tolerance of 10~ and restart of 100). The
decrease of the residual norm is shown in Fig. 9. Despite the increased
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Fig. 9. Residual norm for increasingly ill-conditioned matrices Q, and Q,.

Table 6

Iteration count for the preconditioners (19) and (24).
Preconditioner None F pug— F pug+ Dy M,, M,
Iterations 638 56 39 29 28 8

condition number by several orders of magnitude, the iteration count
increases only very mildly, supporting the theoretical findings and the
robustness of our criterion.

In the next experiment, we show how our tuning strategy greatly
improves the quality of the preconditioners proposed in [36] and
[38]. Our testing includes two original block-triangular precondition-
ers developed in [36] (called F Aug-— and F pug +), one block-diagonal
preconditioner (called D,,,) proposed by the same author and one
block-triangular preconditioner developed in [38] (¢ denoted here M)
with W replaced by a~!W in order to highlight the importance of the
weighting factor a. As usual, we set W = M,. They are:

K+BW-'B B
) PAug+ = 0 w ]’
K+aBW'B 2B
M= < 0 —a~! W) '
24)

K+BW-'B B
Fug-= 0 -w

K+BW™'B 0
Dpug = 0 w )

Note that the preconditioners F,,_, F4,,+ and M, have the same
sparsity pattern and differ only in a few constants multiplying some
of the blocks. For the preconditioner M,, the default parameter choice
a, =1 is compared to our scaling strategy with a_ = —||K]|,. Fig. 10
reports the results for an intermediate mesh size A = 0.05. The mate-
rial parameters are as in the previous tests. The right preconditioned
GMRES method was again used with a restart of 100 and a tolerance
of 1078, The results illustrate the effectiveness of our strategy and re-
veal that the parameters in the preconditioner have a significant impact.
Namely, for Cao’s native preconditioners and Liu’s preconditioner M,
with a, =1, convergence is initially extremely slow before reaching a
superconvergence regime. Thanks to our specific scaling, this regime
is reached much faster. The iteration counts for the different precon-
ditioning strategies are listed in Table 6. The iteration count for the
unpreconditioned GMRES method is noted for comparison.

When solving the linear system (13), a direct method could be used
(at least for small to medium size problems) instead of our precondi-
tioned GMRES method. Thus, we are interested in comparing the per-
formance of these two methods in the context of the contact problem.
In MATLAB, a direct method is called when using the backslash com-
mand. Due to the properties and sparsity of the INTERNODES matrix,
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Fig. 10. Performance comparison for the preconditioners (19) and (24).

Table 7

Computational times and speedup factors.
h 0.1 0.05 0.01 0.005
Time direct [s] 0.064 0.123 1.89 24.99
Time iterative Ma* [s] 0.072 0.132 3.06 55.61
Time iterative M, [s] 0.065 0.111 1.12 9.98

the backslash command calls some state-of-the-art implementation of a
multifrontal method [45]. On the contrary, our method uses an in-house
implementation of preconditioned GMRES. We did not use the built-in
gmres function of MATLAB because we lacked control over the stopping
criterion. Moreover, the MATLAB function uses the left preconditioner
whereas we are using the right one. Our implementation is very basic
and its performance could certainly be improved. All the experiments
are carried out in MATLAB R2021a on MacOS with a Dual-Core Intel
Core i7 processor with 2.2 GHz of processing speed and 8 GB of RAM.
In Fig. 11, the computational times for the entire contact algorithm,
including the preconditioner setup time for the iterative solution, are re-
ported for configuration 1. To further highlight the impact of the scaling
parameter, the preconditioner with our choice of scaling (a_ = —||K|| )
is compared with the default choice (a, = 1). These preconditioners
have exactly the same block structure and consequently any difference
in performance stems from the different number of iterations. Some
important observations must be made. First of all, the computational
times are always relatively small for both implementations (direct and
iterative) and it is extremely challenging to outperform direct methods
for applications where they excel: moderate size finite element matri-
ces for 2D problems. For example, for the mesh size 4 =0.01 associated
with a matrix of size over 46 000, three large linear systems are solved
and the contact algorithm computes the solution in roughly 1.89 s with
a direct method. Despite their remarkable performance, our precondi-
tioned GMRES implementation with a suitably scaled preconditioner
always outperforms direct methods by a large margin on small mesh
sizes. The computational times are also reported in Table 7. Since the
number of linear systems solved in the sequence is different for differ-
ent mesh sizes, one should not attempt to fit a trendline over the values
reported.

The speedup is expected to increase further with the size of the ma-
trix and the number of linear systems solved in the sequence. Since our
method uses a single Cholesky factorization for K, its cost is amortized
over several linear systems. In comparison, direct methods will recom-
pute a factorization at each iteration. Finally, qualitatively speaking,
the numerical solutions obtained with both methods were indistinguish-

62

Computers and Mathematics with Applications 127 (2022) 48-64

102 v
—s#— Direct
Iterative M,
—a— Iterative M,
0
— 1L
o 10
=
©
c
§e]
I5)
=}
0L
Q 10
IS
(@)
O
|

10°
Problem size

Fig. 11. Computational times for the contact algorithm.

able. The euclidean norm of the error was at most of the order 107,
suggesting that our tolerance on the residual was adequate.

7. Conclusions and new perspectives

In this work, a highly efficient preconditioner was designed for solv-
ing the sequence of linear systems arising from the application of the
INTERNODES method to linear elastic problems in contact mechanics.
The saddle point type structure inherited from the variational problem
and the properties of the stiffness matrix naturally led to considering
an augmented Lagrangian preconditioner. We have discussed how the
preconditioner could be suitably tuned and we have analyzed the spec-
trum of the preconditioned matrix. Taking advantage of the sparsity
structure of the matrices, we then proposed an algorithm to efficiently
solve linear systems with the preconditioning matrix. Assuming a lin-
ear elastic constitutive model, our strategy relies on a unique Cholesky
factorization for the stiffness matrix K which is computed once and
for all. Resorting to a complete factorization allows the implementation
of a nearly ideal preconditioner. Numerical experiments confirmed the
quality and robustness of the preconditioner. In addition, they revealed
that the convergence rate was independent of the mesh size and our pre-
conditioned iterative scheme outperformed state-of-the-art sparse direct
solvers.

To avoid excessive memory usage, we have also discussed possible
extensions to incomplete factorizations. We have shown experimentally
that incomplete factorizations could still lead to an efficient precondi-
tioner. However, pivot breakdowns were also occasionally experienced
during the factorization process. Such breakdowns are well known for
applications in structural mechanics and robust incomplete factoriza-
tions could provide a possible remedy [46]. Yet, another unfortunate
feature common to all incomplete factorizations is the increase of the
iteration count with the problem size. Other solution techniques were
already examined in an extension of our work [15]. Some of these
Cholesky-free methods seem very promising for large 3D problems but
there is still much empirical work left in determining the best strat-
egy. Cholesky-free methods would also certainly be favored in case the
stiffness matrix must be reassembled at each iteration of the contact
algorithm, for example in case of nonlinear constitutive models.

Data availability

The code and data are freely available at Code Ocean.
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Appendix A. Proof of Theorem 4.1
Let

B =Uglzz 01V, and  B=Us[Z; 01V}

be the singular value decomposition of BT and B respectively. Up,Uj €
R™M and Vg,V € R™" are orthogonal matrices and 5,5 € R™™ are
diagonal matrices containing the singular values. The matrices ¥ and
Vj are further partitioned as

Vi =[Vp, Vg, and V=V V3 ]

with Vg, and Vj, two bases for the kernels of BT and B, respectively.
We now form the orthogonal matrices S| and .S, such that

(Vs O
S2_< 0 UB)

and consider the matrix A = 5, AS, explicitly given by

T
vioo

Si=| o ut

~ vl oo K B\ (Vs 0
s () (3 04 0)
1422 0 up)J\B o 0 Ug
_ VBTISVg VIBUg
UT BV 0
B
T - T -
Ve KVa Vi KVy I
— T - T ”
=|Va,KVs, Vi KV O
o 0 0

Since S, and S, are orthogonal matrices, A and A have the same singu-
lar values and in particular x(A) = x(A). The structure of A will be used
to find a lower bound on the spectral condition number of A. We first
prove that x(A4) > k5(K)max{1,

w, 1812 }. All proofs are based on the
°LB CLB

following facts:
o1(A)=0,(4) = [max, I Ax|l, > || Ay|l, for some y such that |lyll, =1,
x|lr=

Ouen(A4) = 0,1n(A) = min || Axll, < | Ayl for some y such that |ly|, = I
5=
The strategy consists in choosing the vectors y cleverly such that the
resulting lower bound on the condition number is tight.
Lower bound on ¢, (A):

Since the contributions of K, B and B must be captured, let us con-
sider different choices.

1. Choosey" = (yT,0",0") with ||y, ||, = 1 such that || £y, |l = || Bl|,. If
the singular values of B have been placed in decreasing order along
the diagonal of X3, then y, = e, the first vector of the canonical
basis of R™. Thus,

Ay1I3 = 1V5 KV, y1113 + 1251113
= 1KV, y1ll3 + 1BII3
> [|BII3.

2. Choose y” = (07, y7,0") with ||y,|l, =1 such that

max
IIxllz=1
xeker(B)

IKVE,¥2ll2 = IKxl; =01 -

Hence, [|4y113 = IV KVp,val = IKVp,yal =7 ;.
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3. Choose y" = (07,07 ,y]) with |ly;||, = 1 such that | Zy; ||, = || Bll,. If
the singular values of B have been placed in decreasing order along
the diagonal of X, then y; = e,, the first vector of the canonical
basis of R™. Then, we obtain straightforwardly || Ay|[3 = |2y} =
IBIZ-

Since all particular choices yield a lower bound, we deduce that ¢, (A) >
max{oy g, | Blly, | Bll»}.
Upper bound on 6, ,(A):

This time we simply take y” = (OT,yZT,OT) with ||y,|l, =1 such that

IKVg,¥2ll, = min [[Kx]l, =0, 3.
IIxllo=1
xeker(B)
Hence, ||yl = V4KV yall3 = IKVEY:l5 = o ..
Un+m(A) S O-n,E'
Gathering all the results, we finally obtain

Consequently,

~ A max{c, 3, [ Bll. | Bll,}
K (A) = k() = 61(A) > 1.B 2 2
Gn+m(A) Un,ﬁ
B B
— 5 (K)max(1, Il IIz’II ||2}
O1L,B °LB

Since the singular values of A and AT are the same, we may apply

the same proof steps to A’ instead of A. In this case we obtain the
IIBll>
O1.B N
taking the maximum of the two lower bounds. []

analogous result x(A) > kp(K)max{1, ,”fﬁ} and we conclude by
1

References

[1] T. McDevitt, T. Laursen, A mortar-finite element formulation for frictional contact
problems, Int. J. Numer. Methods Biomed. Eng. 48 (10) (2000) 1525-1547.

[2] M.A. Puso, T.A. Laursen, A mortar segment-to-segment contact method for large

deformation solid mechanics, Comput. Methods Appl. Mech. Eng. 193 (6-8) (2004)

601-629.

A. Popp, Mortar methods for computational contact mechanics and general interface

problems, Ph.D. thesis, Technische Universitat Miinchen, 2012.

S. Deparis, D. Forti, P. Gervasio, A. Quarteroni, INTERNODES: an accurate

interpolation-based method for coupling the Galerkin solutions of PDEs on subdo-

mains featuring non-conforming interfaces, Comput. Fluids 141 (2016) 22-41.

P. Gervasio, A. Quarteroni, Analysis of the INTERNODES method for non-

conforming discretizations of elliptic equations, Comput. Methods Appl. Mech. Eng.

334 (2018) 138-166, https://doi.org/10.1016/j.cma.2018.02.004.

S. Deparis, P. Gervasio, Conservation of forces and total work at the interface us-

ing the INTERNODES method, Vietnam J. Math. (2022), https://doi.org/10.1007/

510013-022-00560-9, in press.

[7] O. Giinther-Hanssen, Finite element method INTERNODES for contact mechanics.
A study on condition number and iterative solver performance, Infoscience EPFL
(2020), http://infoscience.epfl.ch/record/278135.

[8] S. Deparis, D. Forti, A. Quarteroni, A rescaled localized radial basis function inter-
polation on non-cartesian and nonconforming grids, SIAM J. Sci. Comput. 36 (6)
(2014) A2745-A2762.

[9] J.A. Freeman, D. Saad, Learning and generalization in radial basis function net-
works, Neural Comput. 7 (5) (1995) 1000-1020.

[10] H. Wendland, Meshless Galerkin methods using radial basis functions, Math. Com-
put. 68 (228) (1999) 1521-1531.

[11] J. Wang, G. Liu, A point interpolation Meshless method based on radial basis func-
tions, Int. J. Numer. Methods Biomed. Eng. 54 (11) (2002) 1623-1648.

[12] M.D. Buhmann, Radial basis functions, Acta Numer. 9 (2000) 1-38.

[13] H. Wendland, Piecewise polynomial, positive definite and compactly supported ra-
dial functions of minimal degree, Adv. Comput. Math. 4 (1) (1995) 389-396.

[14] R.A. Horn, C.R. Johnson, Matrix Analysis, Cambridge University Press, 2012.

[15] Y. Voet, On the preconditioning of the INTERNODES matrix for applications in con-
tact mechanics, Master’s thesis, Ecole polytechnique féférale de Lausanne, 2021,
http://infoscience.epfl.ch/record/289288.

[16] N. Kikuchi, Contact Problems in Elasticity: A Study of Variational Inequalities
and Finite Element Methods, SIAM Studies in Applied Mathematics, vol. 8, SIAM,
Philadelphia, Pa, 1988.

[17] M. Sofonea, Mathematical Models in Contact Mechanics, London Mathematical So-
ciety Lecture Note Series, vol. 398, Cambridge University Press, New York, 2012.

[18] P. Wriggers, Computational Contact Mechanics, 2nd edition, Springer, Berlin, Hei-
delberg, 2006.

[19] A. Curnier, Unilateral contact, in: New Developments in Contact Problems, Springer,
1999, pp. 1-54.

[3]

[4]

[5]

[6]


http://refhub.elsevier.com/S0898-1221(22)00399-6/bib6798750A3F439EBF65F83A855935720As1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib6798750A3F439EBF65F83A855935720As1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibE6E280E83A12823AA27F2D7A886C1419s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibE6E280E83A12823AA27F2D7A886C1419s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibE6E280E83A12823AA27F2D7A886C1419s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib42D31EE6EA5004D70C007940EE7B7096s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib42D31EE6EA5004D70C007940EE7B7096s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibF1AB633C055ED0CDD704A5F16E82B7C6s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibF1AB633C055ED0CDD704A5F16E82B7C6s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibF1AB633C055ED0CDD704A5F16E82B7C6s1
https://doi.org/10.1016/j.cma.2018.02.004
https://doi.org/10.1007/s10013-022-00560-9
https://doi.org/10.1007/s10013-022-00560-9
http://infoscience.epfl.ch/record/278135
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib051FF09671C8201765BD1B24B68FA01Ds1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib051FF09671C8201765BD1B24B68FA01Ds1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib051FF09671C8201765BD1B24B68FA01Ds1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib97B60AF1BEA42ABBEE22FD1845B06C61s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib97B60AF1BEA42ABBEE22FD1845B06C61s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibFA8AF152B1786D97B84C3954297DB547s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibFA8AF152B1786D97B84C3954297DB547s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib9C6C586E1DF0C192C19D0F6CD02D8794s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib9C6C586E1DF0C192C19D0F6CD02D8794s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib8A91B62A2AD70DEDCF2997584D8192AEs1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib2C32D330222A909F3E2D6735C45F98FBs1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib2C32D330222A909F3E2D6735C45F98FBs1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib954FE21E47EA1FFCCAE65A023BF1D6FAs1
http://infoscience.epfl.ch/record/289288
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibEC6DA5244D10A01BED5EEBFF0B480F88s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibEC6DA5244D10A01BED5EEBFF0B480F88s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibEC6DA5244D10A01BED5EEBFF0B480F88s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibB81BB6EB5093215E09A9D1F7FC937F9As1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibB81BB6EB5093215E09A9D1F7FC937F9As1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib10EC4F1F52F9D9BA2901E738E4423740s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib10EC4F1F52F9D9BA2901E738E4423740s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibFA2547FF845C39C0074F08DDA6692716s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibFA2547FF845C39C0074F08DDA6692716s1

Y. Voet, G. Anciaux, S. Deparis et al.

[20] W. Karush, Minima of functions of several variables with inequalities as side condi-
tions, Master’s thesis, Department of Mathematics, University of Chicago, Chicago,
IL, USA, 1939.

[21] H. Kuhn, A. Tucker, Nonlinear programming, in: Proceedings of the Second Berke-
ley Symposium on Mathematical Statistics and Probability, University of California
Press, 1951, pp. 481-492.

[22] L.E. Malvern, Introduction to the Mechanics of a Continuous Medium, Prentice-Hall
Series in Engineering of the Physical Sciences, Prentice-Hall, Englewood Cliffs N.J,
1969.

[23] F. Brezzi, M. Fortin, Mixed and Hybrid Finite Element Methods, Springer Series in
Computational Mathematics, vol. 15, Springer, New York, NY, 1991.

[24] P. Gervasio, A. Quarteroni, The INTERNODES method for non-conforming dis-
cretizations of PDEs, Commun. Appl. Math. 1 (2019) 361-401, https://doi.org/10.
1007/s42967-019-00020-1.

[25] P. Bochev, R. Lehoucq, Energy principles and finite element methods for pure trac-
tion linear elasticity, Comput. Methods Appl. Math. 11 (2) (2011) 173-191.

[26] M. Benzi, M.A. Olshanskii, An augmented Lagrangian-based approach to the Oseen
problem, SIAM J. Sci. Comput. 28 (6) (2006) 2095-2113.

[27] M. Benzi, M.A. Olshanskii, Z. Wang, Modified augmented Lagrangian precondition-
ers for the incompressible Navier-Stokes equations, Int. J. Numer. Methods Fluids
66 (4) (2011) 486-508.

[28] S. Deparis, G. Grandperrin, A. Quarteroni, Parallel preconditioners for the unsteady
Navier-Stokes equations and applications to hemodynamics simulations, Comput.
Fluids 92 (2014) 253-273.

[29] J.W. Pearson, A.J. Wathen, A new approximation of the Schur complement in pre-
conditioners for PDE-constrained optimization, Numer. Linear Algebra Appl. 19 (5)
(2012) 816-829.

[30] C. Greif, D. Schétzau, Preconditioners for saddle point linear systems with highly
singular (1, 1) blocks, in: Special Volume on Saddle Point Problems, Electron. Trans.
Numer. Anal. 22 (2006) 114-121.

[31] C. Greif, D. Schotzau, Preconditioners for the discretized time-harmonic Maxwell
equations in mixed form, Numer. Linear Algebra Appl. 14 (4) (2007) 281-297.

64

Computers and Mathematics with Applications 127 (2022) 48-64

[32] 1. Perugia, V. Simoncini, Block-diagonal and indefinite symmetric preconditioners
for mixed finite element formulations, Numer. Linear Algebra Appl. 7 (7-8) (2000)
585-616.

[33] M.F. Adams, Algebraic multigrid methods for constrained linear systems with ap-
plications to contact problems in solid mechanics, Numer. Linear Algebra Appl.
11 (2-3) (2004) 141-153.

[34] A. Franceschini, M. Ferronato, M. Frigo, C. Janna, A reverse augmented constraint
preconditioner for Lagrange multiplier methods in contact mechanics, Comput.
Methods Appl. Mech. Eng. 392 (2022) 114632.

[35] M. Benzi, G.H. Golub, J. Liesen, Numerical solution of saddle point problems, Acta
Numer. 14 (2005) 1-137.

[36] Z.-H. Cao, Augmentation block preconditioners for saddle point-type matrices with
singular (1, 1) blocks, Numer. Linear Algebra Appl. 15 (6) (2008) 515-533.

[37]1 G.H. Golub, C. Greif, On solving block-structured indefinite linear systems, SIAM J.
Sci. Comput. 24 (6) (2003) 2076-2092.

[38] Q. Liu, New preconditioners for nonsymmetric saddle point systems with singular
(1, 1) block, Int. Sch. Res. Not. (2013) 2013.

[39] D. Kressner, Computational Linear Algebra, Lecture Notes, 2020.

[40] Y. Saad, Numerical Methods for Large Eigenvalue Problems, revised edition, SIAM,
2011.

[41] M. Benzi, J. Liu, Block preconditioning for saddle point systems with indefinite (1,
1) block, Int. J. Comput. Math. 84 (8) (2007) 1117-1129.

[42] Y. Saad, Iterative Methods for Sparse Linear Systems, SIAM, 2003.

[43] A. Ern, J.-L. Guermond, Theory and Practice of Finite Elements, vol. 159, Springer,
2004.

[44] A.J. Wathen, Preconditioning, Acta Numer. 24 (2015) 329-376.

[45] T.A. Davis, Direct Methods for Sparse Linear Systems, SIAM, 2006.

[46] M. Benzi, M. Tima, A robust incomplete factorization preconditioner for positive
definite matrices, Numer. Linear Algebra Appl. 10 (5-6) (2003) 385-400.


http://refhub.elsevier.com/S0898-1221(22)00399-6/bib130ED02FD5B23373474F653BEEEC69E1s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib130ED02FD5B23373474F653BEEEC69E1s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib130ED02FD5B23373474F653BEEEC69E1s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibACDEA4F4967A5A1982E1DC9B761F8E79s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibACDEA4F4967A5A1982E1DC9B761F8E79s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibACDEA4F4967A5A1982E1DC9B761F8E79s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibD1236FD38BA622DD4C7D24E6D8817B40s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibD1236FD38BA622DD4C7D24E6D8817B40s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibD1236FD38BA622DD4C7D24E6D8817B40s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibA86A5DC7384014F957E94EC9369357C2s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibA86A5DC7384014F957E94EC9369357C2s1
https://doi.org/10.1007/s42967-019-00020-1
https://doi.org/10.1007/s42967-019-00020-1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib8737FEBA96261DDCBC096F84BFE6E9DDs1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib8737FEBA96261DDCBC096F84BFE6E9DDs1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib66842C6D3C43879C23A87D03A1D4BFF2s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib66842C6D3C43879C23A87D03A1D4BFF2s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib9F0A47460EA6FEDD7A9AA642930009EDs1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib9F0A47460EA6FEDD7A9AA642930009EDs1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib9F0A47460EA6FEDD7A9AA642930009EDs1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib5E0116ED229DF31E616B87C4FEC0FB69s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib5E0116ED229DF31E616B87C4FEC0FB69s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib5E0116ED229DF31E616B87C4FEC0FB69s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibEBC663A50C4554E06CB487B86557B577s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibEBC663A50C4554E06CB487B86557B577s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibEBC663A50C4554E06CB487B86557B577s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibB47C16B853A256E18E60E8DB66242A3Es1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibB47C16B853A256E18E60E8DB66242A3Es1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibB47C16B853A256E18E60E8DB66242A3Es1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib5EE00C23FC95754EFD68D35B1947511Fs1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib5EE00C23FC95754EFD68D35B1947511Fs1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib5F623581429BDF6F10C8527FBB9C0F9As1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib5F623581429BDF6F10C8527FBB9C0F9As1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib5F623581429BDF6F10C8527FBB9C0F9As1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib2FFEC8D49D48F7F18CE88FA369CD3386s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib2FFEC8D49D48F7F18CE88FA369CD3386s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib2FFEC8D49D48F7F18CE88FA369CD3386s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibFA37B5559BBADD84746452D701498BD4s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibFA37B5559BBADD84746452D701498BD4s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibFA37B5559BBADD84746452D701498BD4s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib6D857929FFC331C9344B77FBA810E649s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib6D857929FFC331C9344B77FBA810E649s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib68C89A52B086EBB88526650EB16D8CC5s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib68C89A52B086EBB88526650EB16D8CC5s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibA859D643D67C6EAF12DE493FA89196D1s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibA859D643D67C6EAF12DE493FA89196D1s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibDC0D537D9AC81E05BEF5CBE3BBE51394s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibDC0D537D9AC81E05BEF5CBE3BBE51394s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib0622D939FB9015FDC72D7023FED8D0A8s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibC2C909B73FE7834B005028E3CA1641A0s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibC2C909B73FE7834B005028E3CA1641A0s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibB40EF0FA07DF80DD4DE4923BC986664As1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bibB40EF0FA07DF80DD4DE4923BC986664As1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib6105C7F8961F61F3470DF04A4B27832As1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib2884A8D638461F641ADA37900F7938A8s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib2884A8D638461F641ADA37900F7938A8s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib9C50A059CCD8BA78096EAF28BE33868Es1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib97FA21B44D084240705C5DF6A42B15A7s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib73009D3FE829253388565E0532A571B3s1
http://refhub.elsevier.com/S0898-1221(22)00399-6/bib73009D3FE829253388565E0532A571B3s1

	The INTERNODES method for applications in contact mechanics and dedicated preconditioning techniques
	1 Introduction
	2 Radial basis function interpolation
	2.1 An introduction to radial basis function interpolation
	2.2 Sufficient conditions for the rescaled-localized radial basis functions to be well-defined
	2.3 The choice of the radius

	3 The INTERNODES method for contact problems
	3.1 Strong form
	3.2 Weak form
	3.3 Finite element approximation
	3.4 Algebraic system of equations

	4 The INTERNODES matrix: its structure and conditioning
	5 Preconditioning techniques
	5.1 Rescaling
	5.2 Spectral properties of the preconditioned matrix
	5.3 Sign of the generalized eigenvalues μ
	5.4 Bounds on the generalized eigenvalues μ
	5.5 Solving linear systems with the preconditioning matrix

	6 Numerical experiments
	7 Conclusions and new perspectives
	Data availability
	Acknowledgements
	Appendix A Proof of Theorem 4.1
	References


