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Abstract

INTERNODES is a general method to deal with non-conforming discretizations of second order
partial differential equations on regions partitioned into two or several subdomains. It exploits two
intergrid interpolation operators, one for transferring the Dirichlet trace across the interface, the
others for the Neumann trace. In every subdomain the original problem is discretized by the finite
element method, using a priori non-matching grids and piece-wise polynomials of different degree.
In this paper we provide several interpretations of the method and we carry out its stability
and convergence analysis, showing that INTERNODES exhibits optimal convergence rate with
respect to the finite element sizes. Finally we propose an efficient algorithm for the solution of the
corresponding algebraic system.

Keywords: domain decomposition, non-conforming approximation, non-conforming grids,
interpolation, finite element method, hp finite element method

1. Introduction

The INTERNODES (INTERpolation for NOnconforming DEcompositionS) method was intro-
duced in [16] for the non-conforming numerical approximation of second order elliptic boundary-
value problems. By non-conforming we mean that the computational domain is partitioned into
subdomains with non-matching grids at subdomain interfaces or/and different polynomial sub-
spaces are used on the subdomains.

The most distinguishing feature of INTERNODES is that it is built on two independent interpo-
lation operators at the subdomain interfaces that allow to exchange information between adjoining
subdomains on the problem solution and on its normal fluxes, respectively.

The continuity of the trace of the solution is enforced on the interface by means of one of the
two interpolation operators.

In order to impose the continuity of the fluxes, first we compute independently and on each side
of the interface the residuals of the weak local discrete subproblems (the computed values are in
fact the degrees of freedom of the discrete fluxes with respect to the dual basis of the Lagrange one);
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then we transform the dual degrees of freedom to Lagrange degrees of freedom by means of the
inverse of the local interface mass matrices. Once the Lagrange degrees of freedom of the residuals
are obtained, the second interpolation operator is called into play to enforce the continuity of the
fluxes.

Differently than in mortar methods, no cross-mass matriz involving basis functions living on
different grids of the interface are required to build the intergrid operators. Instead, two separate
interface mass matrices (separately on either interface) are used.

INTERNODES share some similarities with the so-called unsymmetric mortar methods [12, 24]
(see Sect. 8), however the two approaches do not coincide. Moreover the well-posedness and the
convergence analysis of the unsymmetric mortar method have not been proved to date, to the
knowledge of the authors.

While Lagrange interpolation often represents a natural choice to build the intergrid operators
of INTERNODES, other interpolation methods can be used as well. For instance in [17] interpola-
tions based on Radial Basis Functions are employed in cases of non-matching (curved) interfaces.
This makes the INTERNODES method very suitable in dealing with non-straight interfaces. IN-
TERNODES was successfully applied also beyond elliptic problems, for instance for Navier-Stokes
equations in domains with sliding grids and for nonlinear fluid-structure interaction problems in
[16, 17].

The interpolatory construction represents the main difference between INTERNODES and the
well known mortar method [7, 3, 4, 33, 34, 24, 12, 28, 29, 27], the latter being based on a single
L?— projection operator at subdomain interface. The analysis of INTERNODES, that is carried
out for the first time in this paper, based on sharp interpolation estimates in fractional Sobolev
spaces (see Sect. 9), substantially departs from that of mortar method.

In this paper we prove that, when regular quasi-uniform affine triangulations are used and the
intergrid operators are based on Lagrange interpolation, INTERNODES exhibits optimal conver-
gence rate with respect to the finite element mesh sizes, without downgrading the convergence
order of the finite element discretizations employed to solve the local subproblems (see Theorem
12).

Our theoretical results are corroborated by numerical results for both 2D and 3D geometries.
Further numerical results are presented in [16] where INTERNODES is systematically compared
with the mortar method for h— and hp—fem discretizations. Numerical results show that the two
approaches exhibit the same order of convergence.

As observed above, even if the two interpolation operators of INTERNODES are built starting
from the same set of data (the left and right nodes on the interface), they are two independent
operators, in particular they are not one the transposition of the other; the latter choice would
lead to the so-called pointwise matching method, that is sub-optimal (see [7, 3]).

In spite of featuring the same accuracy of mortar methods, INTERNODES is much simpler to
implement from a programming point of view. First of all, only the coordinates of the interface
nodes are needed to assemble the interpolation operators and the interface mass matrices, and
only the interface degrees of freedom are required to pass information from one side to the other.
Moreover, the implementation of INTERNODES for non-matching grids does not feature any ad-
ditional difficulty with respect to the case of matching interfaces. Secondly, but not less important
(as already mentioned above), INTERNODES does not require any cross-mass matrix involving
basis functions from both sides of the interfaces, therefore no ad-hoc quadrature formula has to be
devised in order to preserve the optimal accuracy. On the contrary, to build such cross-mass ma-



trix in the case of non-straight interfaces, mortar methods require several steps such as projection,
intersection, local meshing and ad-hoc numerical quadrature (see, e.g. [27, Sect.3.2.3]). We refer
to [16, Sect. 6] for a detailed comparison of the implementation aspects of both INTERNODES
and mortar methods.

In multiphysics problems, INTERNODES has an immediate physical interpretation in terms
of interface continuity fulfillment for both the primal (displacement, velocity, etc.) and the dual
(normal Cauchy stresses, normal fluxes, etc.) physical variables.

In the last decades, a rich family of approaches to deal with nonconforming discretization have
been proposed and applied especially to solve contact problems in structural analysis. Far from
being exhaustive, we cite PUFEM [25] and GFEM/XFEM [22, 19, 5]. The substantial difference
between these methods and INTERNODES consists in the fact that the former ones use a partition
of unity to enrich the finite element space, while the latter does not add any shape function to
those of the local finite element subspaces.

In this paper first and above all we prove that the INTERNODES method yields a solution
that is unique, stable, and convergent with an optimal rate of convergence (i.e., that of the best
approximation error in every subdomain) in the case of Lagrange interpolation and regular, quasi-
uniform and affine triangulations on each subdomain.

Then, we extend the INTERNODES method to the case of a computational domain split into
several (more than two) subdomains with internal cross-points (i.e. boundary points shared by at
least three subdomains). Finally, we propose an efficient solution algorithm for the INTERNODES
problem after reformulating it as a Schur-complement system depending solely on the interface
nodal variables.

An outline of the paper is as follows. In Section 2 we present the differential problem and
its two-domain formulation. In Section 3 we recall the two-domain conforming finite element dis-
cretizations, while in Section 4 we present the intergrid operators and the INTERNODES method.
Sections 5 and 6 are devoted to the algebraic form of INTERNODES: we present an efficient al-
gorithm implementing INTERNODES and we extend the method to decompositions with more
than three subdomains and internal cross points. In Section 7 some numerical results are shown
for non-conforming hp-FEM approximation of second order elliptic boundary-value problems. In
Section 8, we compare the algebraic formulation of INTERNODES and that of the unsymmetric
mortar method ([12, 24]) and show that the two methods are actually different. Last but not
least, in Section 9 we prove the well-posedness of the INTERNODES problem and carry out its
convergence analysis.

2. Problem setting

Let Q C R%, with dg = 2, 3, be an open domain with Lipschitz boundary 0. 9Qy and 0Qp
are suitable disjoint subsets of 9€) such that IQpUIN N = 02. We make the following assumption,
all along the paper.

Assumptions 1. Let f, «, v and b be given functions such that f € L?(Q), a € L®(Q), v €
L>(9Q), b € WH*(Q). Moreover, Jag > 0 such that o > ag, v >0, v — %V -b>0a.e. in Q, and
b-n > 0 on 00y. Finally, if 9Qp = ), we require that v — %V -b >0 a.e. in Q.



Then we look for the solution u of the second order elliptic equation

Lu=-V-(aVu)+b-Vu+yu=f inQ,
u=20 on 0f)p, (1)
8Lu:0 on aQNv

ou
where Oru = 048— and n is the outward unit normal vector to 9€2. We set
n

V =Hjo, () ={veH (Q): v="0o0n0Qp}. (2)
The weak form of problem (1) is: find u € V such that
a(u,v) = (f,v)r2@ VeV, (3)
where

a(u,v) = /Q(aVu Vo + (b Vu)v + yuwv)ds, (4)

while (-, -)72(q) denotes the inner product in L%*(Q). Under Assumption 1 there exists a unique
solution of (3) (see, e.g., [30]).

We partition €2 into two non-overlapping subdomains €2 and 2 with Lipschitz boundary and
such that Q = Q; U Qs. I'(= f) = 02 N 0f)y is the common interface and, for k = 1,2, we set
8QD,k = 00p N oYy, and 891\[,]4 = 00N NIy

For k = 1,2 let us introduce the local spaces

Vi={veH () |v=00n00pNd%}, V2={veVy|v=0onT}, (5)

and the bilinear forms
ag(u,v) = / (aVu - Vo + (b - Vu)v + yuv)dQ. (6)
Q

Finally, let A be the space of traces of the elements of V' on the interface I':
A={AeHYX): JveV:vp=2A} (7)

When OI' N9 € dQy, A = HY?(I'), while when 0T N 9Q C dQp, A = HééQ(F); in these cases A

is endowed with the canonical norm of either H'/2(I") or H&éQ (T), respectively ([1]). Intermediate
situations can be tackled by suitably defining A and its norm (see, e.g., [23, Remark 11.5]).

For k = 1,2, let ui be the restriction of the solution u of (3) to Q, then u; and uy are the
solution of the transmission problem (see [15, Ch. VII, Sect. 4])

Luk:f in Qk, k:1,2, (8)
Uy = ug, 8L1u1 + 8L2u2 =0 onl,
where O, up = akLﬁi (with a = qq,) denotes the conormal derivative associated with the
differential operator L, and ny is the outward unit normal vector to 9 (in particular on I', we
have n; = —ny). We denote by nr, the restriction of ny to I'. 2

2In the entire paper we assume that T is sufficiently regular to allow the conormal derivative of u to be well
defined. This is certainly the case if T is of class C** (see [21, Def. 1.2.1.2]).
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More precisely, u; and us satisfy the following weak form of the transmission problem (8) (see
[31, Lemma 1.2.1]): find uy € V} and ug € V5 such that

ak(Uk,'U]?;) = (f7 UI?;)LQ(QIC) vv]?; € Vk?a k= 172
u2 = U1 on F, (9)
> ar(ur, Rin) = D (f,Ren)rz(e,) ¥ € A,
k=1,2 k=1,2
where
Ri: A= Vi, st. (Rim)lr=n VneA (10)

denotes any possible linear and continuous lifting operator from I' to €.

Remark 1. Let (-, ) denote the duality between A and its dual A’. If homogeneous boundary
conditions (of either Dirichlet and Neumann type) are given on 052, by counter-integration by
parts, the interface equation (9)s is equivalent to

(Or,u1 + Opyuz,m) =0 Vn € A, (11)

and therefore to the transmission condition (8)s.

3. Recall on conforming discretization

Let us consider a family of triangulations 7, of the global domain €2, depending on a positive
parameter (the grid size) h > 0. Following standard assumptions we require 7}, to be affine, regular,
and quasi-uniform (see [30, Ch. 3]). For any T' € T, we assume that 0T N 9N fully belongs to
either d€2p or d€2y. We shall denote by IP,, with p a positive integer, the usual space of algebraic
polynomials of total degree less than or equal to p. Let

X, ={vec’Q): vr €Pp, VT €Th}, Vi={v€ Xp: v=0o0ndQp} (12)

be the usual finite element spaces associated with 7,. The Galerkin finite element approximation
of (3) reads: find uy, € Vj, such that

a(up,vp) = (f,vn)r2() Yo € Vh. (13)

Let us split 2 into two subdomains €2 and {29 and assume that the triangulations 75 are such
that I" does not cut any element 7" € 7. The triangulations 7; j, and 73 induced by 75, on ¢ and
)y are therefore compatible on I, that is they share the same edges (if d = 2) or faces (if d = 3).

In each Qi (k = 1,2) we introduce the finite element approximation spaces

Xigh = {v € COQ) : vy € Py, VT € Tip}, (14)
and the finite dimensional subspaces of V. and Vk0
Vieh = Xin N Vi, Vidh = Xpn NV (15)
Moreover, we consider the space of finite dimensional traces on I'

Ap={A=v|p, ve VinU Vg,h} C A. (16)
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For k = 1,2 we define two linear and continuous discrete lifting operators
Rin Ay — Vien, s.t. (Rk,hnh)h" =1, Vnu € Ayp. (17)

The problem: find u; 5 € Vi, and ugj € Vo, such that

a‘k,’(uk,havg,h) = (fv v]g,h)[?(ﬂk) vah S Vko,ha k=1,2

U p = Ul h on I, (18)
> ak(urn Rinmn) = Y (f Renin) 2 Ynn € An-

k=1,2 k=1,2

is actually equivalent to (13), in the sense that ugj = upq,, for k = 1,2 (see [31, Sect. 2.1]).
Note that (18) is the discrete counterpart of (9); in particular, (18)3 is the discrete counterpart of
(9)s-

In practical implementation, Ry p,nn, can be chosen as the finite element interpolant that ex-
tends to zero (at any interior finite element node) the values of n, at the nodes on T

Defining the discrete residual functionals ry, 5, € A}, by the relations

T,k M) = ar (i, n, Riennn) — (f, Rennin) r2(q,)  for any np € Ag, (19)

the interface equation (18)3 is equivalent to
(rin 4+ r2,n,mm) =0 for any ny, € Ap. (20)

As seen in Remark 1, if homogeneous boundary conditions (of either Dirichlet and Neumann
type) are prescribed on 052, the finite dimensional functionals ry, ;, represent the approximations of
the distributional derivatives O, u; on I'. Then (20) can be regarded as the discrete counterpart
of (11).

4. Non-conforming discretization

Now we consider two a-priori independent families of triangulations Ty p, in 1 and Tap, in
9, respectively. This means that the meshes in 2; and in )9 can be non-conforming on I' and
characterized by different mesh-sizes hy and hs. Moreover, different polynomial degrees p; and po
can be used to define the finite element spaces. Inside each subdomain € we assume that the
triangulations 7y p, are affine, regular and quasi-uniform ([30, Ch.3]).

From now on, the finite element approximation spaces are (for k = 1,2):

kahk = {'U S Co<ﬁk) : U|T € ]P)pk7 VT € E,hk}7

21
Viehe = Xieyhy, N Vi, V,Shk = {v € Vi, v|r = 0}, (21)

while the spaces of traces on I' are
Yk,hk = {)\ = U’r, v E Xk:,hk}y and Akﬁk = {)\ = U|1", v E sz,hk}- (22)

We set Ny, = dim(Vy 3, ), N = dim(Vk(fhk), ny = dim(Yy p, ), and ny, = dim(Ag p, ).

The space Ay, takes into account the essential boundary conditions, while Y} 5, does not.
Thus, if 002N OI' C 00y, then Ay p, = Yi 5, and n, = ny, otherwise ng < Ny because the degrees
of freedom associated with the nodes in 9Q2p N A" are eliminated.
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Figure 1: I'; and I'z induced by the triangulations 71,n, and 72,n,

The Lagrange basis functions of Vj, p,, (for k = 1,2) associated with the nodes ng) of the mesh

Tk, are denoted by {gpl(k)} for i = 1,..., Ni, and they are reordered so that the first N2 (< Ny)
basis functions span Vko,hk'

We denote by I'1 and I's the internal boundaries of €21 and s, respectively, induced by the
triangulations 77, and T3 p,. If I' is a straight segment, then I'y = I'y = I, otherwise I'y and I'y
can be different (see Fig. 1).

For k =1,2, let {x(lr’“), .. ,x(ﬁik)} € ', be the nodes induced by the mesh Ty p, -

The Lagrange basis functions of Y} 5, are denoted by {,ul(-k)} for ¢ = 1,...,7 and they are
reordered so that the first ng (< 7) basis functions span Ay p, .
In formulating the INTERNODES method we will make use of the interface mass matrices

Mr, :
k) (k . _
(M) = (W i) 2y, =1 k=12 (23)
We will also need the canonical dual basis {@gk)}iﬁ:kl of Y,; n, (the dual space of Yy p, ) defined by
k) (k k) (k . _
<(I)1( ),,Ug )> :((I)z( )7N§ ))Lz(Fk) :51]7 iy =1,..., . (24)

It holds that (see, e.g., [10])

3l

k
— k . —
(MFkl)]Z/'L‘g )7 1= 17"'7”]67 (25)
1

o)

<.
Il

meaning that Yk/,hk and Y}, p,, are in fact the same (finite dimensional) linear space.
By expanding any element ryp, €Y} hi, with respect to the dual basis

Nk
Th by, (X) = Z rgk)égk) (x) Vx € Ty,
i=1
we note that, thanks to (25),

Nk ng N
P () = (m—;w) pPe) =3P wxery, (26)

j=1 \i=1 j=1

RE

hence, (26) provides the expansion of 7, with respect to the Lagrange basis {ugk)}.

Denoting by Zj, T € R™ the vectors whose entries are the values z](-k) and rl(k)

it holds

, respectively,

Zi = Mfklfk. (27)
7



4.1. Interpolation and intergrid operators

We introduce two independent operators that exchange information between the two indepen-
dent grids on the interface I'.

If ' is a straight interface, so that I'y = I'; as in Fig. 1, left, the first one Ili2 : Y55, — Y7 3, is
such that

Tr r . _
(H12/~L2,h2)(xg 1)) = )u2,h2 (XE 1))’ 1= 17 ..oy ny, v#?,hg S }/2,/127 (28)

while the second interpolation operator 11 : Y7, — Y33, is such that

(Mo p ) () = iy (<), =1, 7, Vain, € Y, (29)

The operator Il;5 is in fact the finite element interpolation operator

Ty : COT) = Yip, : Y e COM) (@m)x"™) =), i=1,...m, (30)

7

restricted to the functions of Y3, (rather than operating on the entire CO(T)). Similarly Il is
the restriction of

T, : COT) = Yo, : Y€ C°M) (Ta)(x{™) = n(x{"?), i=1,....m (31)

K3 (]
to the functions of Y7 p, .

Remark 2. Using only one intergrid interpolation operator would not guarantee an accurate non-
conforming method; this would yield the so-called pointwise matching discussed, e.g., in [7, 3],
where both trial and test functions satisfy the relation (viq,);r = Il21((v)q, )jr)- In our approach,
the second operator (II12 that maps Y3, on Y] p,) matches, in a suitable way, the fluxes across
the interface.

The (rectangular) matrices associated with II; and IIy5 are, respectively, Ro; € R™*™ and
Rio € RM*72 and they are defined by

(Ro1)ij = H21M§-1)(X§F2)) 1=1,...,n9, j=1,...,7,

. . (32)
(Ri2)ij = H12M§-2)(X§F1)) t=1,...,m, j=1,...,Ma.

Remark 3. When I'y # TI's (geometrical non-conformity) the Rescaled Localized Radial Basis
Function (RL-RBF) interpolation (see [17]) represents a very effective alternative to Lagrange
interpolation.

4.2. Formulation of INTERNODES

For k = 1,2 we define two discrete linear and continuous lifting operators
Rie=Rine  Yir, = Xeher St (Reden)r = Mo (33)

such that, when restricted to Ay p,, Ry coincides with the lifting Ry, , introduced in (17).
In practical implementation, we can define R\, as the finite element interpolant that extends
any A, € Yip, by setting to zero the values of Ry p, at all nodes of Ty p, not belonging to I'y.



In particular, if A p, = Mgk) (the jth Lagrange basis function on I'y), then Rypu

basis function of X}, ,, whose restriction on I'y; coincides with u§k)

The weak form of INTERNODES reads: find uyp, € Vi, and ugp, € Vo p, such that

(k)

;s the Lagrange

0y _ 0 0 0 _
ak(uk,hka Uk;7hk) - (f7 Uk7hk)L2(Qk) vvkﬁk € Vk;ﬁka k= 17 2
ug py = Ha1uy p, on I'y, (34)

: li
r1,h, + 1212, =0 in A17h17

where the residuals i p, €Y n, are defined by

N
Thohy, = Z rgk)(I)Z(k), (35)
=1

(%)

whose coefficients r; =~ are

k k = (k = (k . _
) = (g 1) = an (g, Ripd™) = (f, Rl ))LQ(Qk) fori=1,... 7. (36)
Note the unsymmetrical role played by the domains ©; and Q9 in (34). In particular the
Dirichlet trace on I'; is first interpolated and then transferred to I'y. For this reason, mimicking
the mortar notation, €2; is named master subdomain and €2y slave subdomain.

Remark 4. Relation (34)2 holds pointwise (at any x) on I's, whereas (34)3 is an identity in the
dual space A/th. However, by expressing both ry 5, and IIjorop, with respect to the Lagrange
basis (as done in (26)), also (34)3 yields a pointwise relation on I';. From a practical standpoint,
both (34)2 and (34)3 will be expressed by simple matrix-vector algebraic relations, see (42) and
(44).

Remark 5. If the discretizations in 2; and €2 are conforming on I', then Ils; and Il are the
identity operators and problem (34)-(36) coincides with (18); (34)—(36) can therefore be regarded
as the extension of (18) to the non-conforming case.

5. Algebraic form of INTERNODES

For ease of understanding, we first recall the algebraic form of the monodomain problem (13).
Denoting by {p;}, for i = 1,..., N, the Lagrange basis functions of V}, associated with the nodes
x; of the mesh 7j, and introducing the matrix A;; = a(p;, ¢;), for 4,5 =1,..., N, and the vectors
f=[(f, )Y, u=[un(x;)]¥;, the algebraic form of (13) reads

Au=f. (37)

Now we derive the algebraic linear system associated with (18). For k = 1,2, we define in

a standard way the local stiffness matrices (see, e.g., [32, 31]), i.e. (Apr)ij = ak(gpg.k),%(.k)) for

i, = 1,...,N° (Ar,r,)ij = ak(ﬁkugk),ﬁk,ugk)) for i,j = 1,..., 7, A%k,Fk the submatrix of
Ar, r, of the first n; rows and columns, (Axr,)ij = ak(ﬁku§k),¢§k)) fori = 1,...,N?, j =
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1,...,7 and Ag r, the submatrix of Ay r, of the first ny columns, (Ar, x)ij = ak(gog-k),ﬁkygk)) for
i=1,...,nk j=1,...,N and A%hk the submatrix of Ar, ;. of the first n; rows.

Then we set

f = [(f, @Ek))m((zk)]i:kp fr, = [(f, Rk#gk))ﬂ(m)]iip

Tk)\172k (k)]ﬁk

T . f (38)
w, = [ukn, (%57)]52, ury, = [ukn, (x5 )55, T = [r; ity

while fr,, ur, and ry denote the subvectors of fr,, Ur, and Ty, respectively, of the first ny com-
ponents.

In the case that 77 5, and T4, are conforming on I' (in which case h1 = hy and n; = ng), the
algebraic counterpart of the conforming 2-domains problem (18) reads

Al,l A(l)fl 0 up f1
A(Ill,l AIQl,Fl + A%Q,FQ A%2,2 uFl = fl_‘1 + fF2 ) (39)
0 Ag,l"g A272 u9 f2

that is equivalent to (37), upon setting ur, = ur. Notice that we have eliminated the trace
ur,, since it coincides with ur,.
The residual vectors ry, whose components are defined in (36), satisfy

rp = A?‘k,kuk + A(l)“k,l“kufk —fr,, k=12 (40)

hence the second row of (39) can be equivalently written as r1 + ry = 0, and it is the algebraic
realization of (20).

We write now the algebraic form of the non-conforming problem (34)—(35).

To begin with, we define two intergrid matrices

Qa1 =Ry,  Qu2= Mp, RisM] (41)
The algebraic counterpart of (34)s reads
ur, = @214, . (42)

The intergrid interpolation operator 115 in (34)3 applies on the Lagrange expansion (26) of
7"2,h27 i.e.,

n1 n2
>oa 0+ e [ Y PuP ) | =0, ¥xeTy (43)
i=1 J=1

and, thanks to (27) and (32), the algebraic form of (34)3 reads
Z1 + Ri2Zo = 0  or, equivalently, T + Q1272 = 0. (44)

Denoting by Q9; the restriction of Q1 to its first ny columns, by QY the restriction of Q12 to
its first n; rows and by using (42), the algebraic form of (34) reads

Al,l A(l],Fl 0 up f1
A%m A(%l,rl + Q% Ar, Q% QYA 2 up, | = | fr, + Q% fr, | . (45)
0 Az, Q9 Agp us fo

10



System (45) represents the algebraic form of INTERNODES implemented in practice. By
taking Q12 = Q21 = I we recover the algebraic system (39) of the conforming case.

Notice that, even though the residuals are defined up to the boundary of I'y, the algebraic
counterpart of condition (34)s is imposed only on the internal nodes of I'y. In this way the number
of equations and the number of unknowns in (45) do coincide.

In Section 6 we describe how to treat non-homogeneous Dirichlet boundary conditions and
how to solve the algebraic system (45) by the Schur-complement approach; then we extend the
INTERNODES method to decompositions with more than 2 subdomains.

6. Generalization and algorithmic aspects

6.1. Non-homogeneous Dirichlet conditions

When non-homogeneous Dirichlet boundary conditions are assigned on 0f2, we can recover the
homogeneous case by lifting the Dirichlet data, so that only the right hand side has to be modified
(see, e.g., [30]). However, it is often common practice not to make use of lifting operators. In that
case also the Dirichlet boundary nodes become degrees of freedom and the corresponding basis
functions have to be extended. In this situation the INTERNODES algebraic form (45) has to
undergo a slight modification yielding:

— (K
= (k) 7 (k) R’ _
(AFk,Fk)ij = ak(Rk‘M 7,R’/€/LL ) - ainkﬂ@ y J = 17 <oy N
J 00D 1 81’1k
o) (46)
o2

Rip”) i=1,...,N?
ank k:u ) .] ) ) k>

i

(Ar, k)ij = ak(soﬁk)ﬁkuf)) —/
p

(k)

i

is any Lagrange basis function associated with XI(»Fk) € 'y, N 0N p. The subtraction of
the boundary integrals in (46) is motivated by the fact that, for such ,ul(k), ﬁkugk) does not satisfy
essential boundary conditions on 9Qp. With this change, the residuals (36) can still be regarded

as being the approximations of the normal derivatives at the interface I'.

where u

6.2. An efficient solution algorithm for system (45)
After Gaussian elimination of the variables u; and ug, the Schur complement form of (45) reads

Sur, =b (47)
where _
S =57+ Q3,5:Q9,, b = b1 + Q},b, (48)
Sk = Ar,ry — Ark,kA;;iAk,Fk, k=1, 2, (49)
are the local Schur complement matrices, while
Ek = f[‘k — AFk,kA];ifk (50)

are the local right hand sides, by is the restriction of b; to its first n; components, and S? is the
submatrix of the first ny rows of Sj.

System (47) can be solved, e.g., by the preconditioned Krylov method, with Sy as precondi-
tioner. (Notice that matrix Sy = Q95,52QY; is not a good candidate to play the role of preconditioner
since it may be singular.)

The sketch of the algorithm is reported in Algorithm 1 for reader’s convenience.
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Algorithm 1 INTERNODES algorithm for 2 subdomains
for all k =1,2 do
build the local stiffness matrices Ay, Arr,, Ar,x and Ar, r, (see Sect. 6.1 in the case of
non-homogeneous Dirichlet conditions)
build the right hand sides fy, and fr, (formula (38))
build the local interface mass matrices Mr, (formula (23))
end for
build the interpolation matrices Ry and Rya (formulas (32))
build @21 and Q12 (formula (41)) (only the nodes coordinates on the interfaces are needed in
this step)
solve system (45) (or (47))

rj-l FZJ
e @l!
2 ,
5| ” /
T
1 1 1 :
2 (1 173
7 7 A2 ol
Q0 D
L S o o
v

Figure 2: Two simple decompositions

6.3. Extension to more than 2 subdomains

INTERNODES can be extended to the case of M > 2 subdomains. Let us start with two
simple decompositions as in Fig. 2, while an example of a more general decomposition is shown in
Fig. 3, left.

Let us suppose that each €y is convex with Lipschitz boundary 09y (for £ = 1,..., M), and
that any angle between two consecutive edges is less than 7. Let I'y, = 9y \ 052 be the part of the

boundary of €2 internal to €2, and 7,(:) C I'y be the ith edge of 'y, (the sub-index k identifies the
domain, while ¢ denotes the number of the internal edges of 9€),

Let FM' = Ty = 09, N Oy be the interface between the two subdomains € and €y, and

’y,(j) and 'ylg] ) be the two edges of Q. and €y, respectively, whose (non-empty) intersection is I'y.

Intersections reduced to a single point are considered empty.
In the example of Fig. 2, left, we have 'y, = 7,(;) = é]) for any interface I'yy of the de-
composition, while in the example depicted in Fig. 2, right, we have I'ss = 752) - ’yél) and

Ly =7 € 440

Between ’y,(j) and 'yéj ), one is tagged as master and the other as slave. Next, we mark each edge

'71(;) with either the superscript “(m)” (if %ii) is a master edge) or “(s)” (otherwise) and we define

the skeleton ‘
rm — U,yl(;)»(m)’ (51)
ki

12



that in the mortar community is named mortar interface.

In the example of Fig. 2 right, we could tag as master the edge ’yél) (in which case %1) and

752) will be slave), or other way around.
Remark 6. Each cross-point (i.e. a vertex shared by more than two subdomains) belongs to the
skeleton I'™). Cross-points shared by two (or more) master edges (like point P in Figs. 4-5) hold
a single degree of freedom (that is, the finite element solution is continuous therein). Moreover,
since a cross-point is always an interpolation node (as it is the endpoint of almost two edges), the
value of the trace there is preserved when passing from the master edge to the slave one.

In the configurations of Fig. 4, the total number of points of '™ is 9 and the point P
(the number 3 of I'™)) is shared by the three master edges 79)’(m), 751)’(7”) and 752)’(7”). In the
configurations of Fig. 5, the total number of points of I'™) is 10 and the point P (the number 4

of I‘(m)) is shared by the two master edges 751)’(7”) and vél)’(m).

If ’y,?) and ’yéj ) are the master and the slave sides, respectively, whose intersection is I'gy, then
Rz4),(k,i) is the interpolation matrix that maps the master side to the slave one (it plays the role
of matrix Ry defined in (32)), while R(; ;) (s ;) is the interpolation matrix from the slave to the
master side (as Rj2 in (32)).

When the measure of ’yéj) is larger than that of 'y,(;) (as, e.g., %()1) and 752) in Fig. 2, right), all
the basis functions of %ﬁj ) whose support has non-empty intersection with 7,(;) must be taken into
account in building R ;) (¢,5), included those basis functions associated with the nodes that do not
belong to I'yy (i.e. T3 in the case of Fig. 2, right). Alternatively, one can build the interface mass
matrices and the interpolation matrices on the larger edge (as ’yél) in the case of Fig. 2, right), by
assembling the contributions arising from the shorter edges of the opposite side of the interface (as
'yg) and 752) in the case of Fig. 2, right).

The modification presented in Sect. 6.1 for the case of two subdomains with non-homogeneous
Dirichlet boundary conditions has to be implemented for the case of M > 2 subdomains. In partic-
ular, for any interface 7,?), the nodes of the boundary of 7,(;) that are internal to €2 are treated as if
they were “Dirichlet” boundary points with non-homogeneous boundary condition, thus in assem-

bling the local stiffness matrices we use formulas (46) instead of (Ar, r,)ij = ak(ﬁk,u(k),ﬁk,ugk))

J
and (Ar, x)ij = ak(¢§k),Rku§k))-

I T
m Qg sjm Q; NN o
s § m k
3 m s o 1
mQ, s Qs g &
m S s
5 ‘\ m I ’7[(1)
Iy — (i) |
N Ty T
O ml s Qs O *
L]

Figure 3: A partition of € into 7 subdomains (left figure). The letters m and s denote the choice made for the master
and slave sides. Description of interfaces and edges (right)

13



Figure 4: Each cross-point bears a single degree of freedom. The red full circles identify the nodes on the master

edges. The empty blue circles identify the nodes on the slave edge 7&1),(3)7 while the empty green circles identify the

nodes on the slave edge 7£2>‘<S>. The cross-point P (i.e., the red point number 3) belongs to vile), to 'yél)’(m) and to

fy£2)’(m), moreover it coincides with one endpoint of the slave edge 752)’(5) (in the left configuration), while it coincides

with one endpoint of the slave edges %2)’(5) and with one internal point of 7§1>‘(S> (in the right configuration).

The degrees of freedom of the global multidomain problem are the values of uy at the nodes of
(™) jointly with the degrees of freedom internal to each Q (as in (46)). As done in Section 6.2, we
eliminate the degrees of freedom internal to the subdomains 2, and solve the Schur complement
system (analogous to (47))

Supem) =b (52)

by, e.g., a Krylov method. The matrix S is never assembled, the kernel subroutine to solve (52)
(see Algorithm 2) computes the matrix-vector product w = SA, for a given X approximating Upm).

6.4. Implementation

To better explain the construction of the intergrid matrices (41), we analyze the special con-
figurations depicted in Figs. 4-5. Decompositions like that of Fig. 2 left, can be treated similarly,
bearing in mind that each interface I'yy = 00 N O of Fig. 2 is of the same nature of the interface
T =% n4dY in Figs. 4-5.

For simplicity, we consider P; finite elements discretization in each subdomain.

First, we introduce two types of auxiliary matrices that are used to scatter and gather the
degrees of freedom of the skeleton.

Let N and nj; denote the total number of nodes in the skeleton (™) and the number of nodes

of the edge 'y,(f) (even master or slave), respectively.

For any master edge vl(j)’(m) we define the operator Ej; : rm — 'y]g,i)’(m) that extracts the

degrees of freedom of 7](€i),(m) from the array of the degrees of freedom on '™ . Tts algebraic

counterpart is a rectangular matrix of size ny; x N whose entries are 0 or 1 ((Ej;)je) = 1 only if
the node x; of 7,(;)’(m) is the node x; of T("™)).

14



Figure 5: Each cross-point bears a single degree of freedom. The red full circles identify the nodes on the master
edges. The empty blue circles identify the nodes on the slave edge 7(2) <S), while the empty green circles identify

the nodes on the slave edges ’y( (%) and 7(2) =) At left, the cross-point P (i.e., the red point number 4) belongs to

7(1)’< and it coincides with one endpoint of the slave edges 'y<1) (2 7£2>’<5> and 'y(z) "(*) At right, the cross-point

(1),(m) (1),(m)

P (i.e., the red point number 4) belongs to =, , moreover it coincides with one endpoint of the

slave edges %1) @) ’Y<2) ) and 7(2) (s)

and to 7

For any edge 'y,(:) we define the diagonal matrix Dy ; of size ny,; such that (Dy;);; = 2 if

the point x; of yl(j) is not an endpoint of 7,(:) and at the same time it is a cross-point, otherwise
(Dg,i)j; = 1. In the left configuration of both Fig. 4 and Fig. 5 the matrices Dy, ; are the identity
matrices for any k£ and ¢; while in the right configurations of both Fig. 4 and Fig. 5, the entries

(Dk,i)j; are all equal to 1 with the exception of (D3 1)44 = 2 (P is the fourth node of 'yél)).
()

By using formulas (32) we build the interpolation matrices R j) () from fy,(:) to v, for any

couple of edges 'y,(g) and 'y(j ) such that Ty = fy,(;) ﬂ’yéj ) is non-empty. Notice that some interpolation
matrices have null rows and columns in view of the local support of the interface basis functions.
In the left configurations of Figs. 4 and 5, the interpolation matrices R j () from 'y,(:) to ’yl(j )
are: R31),1,1) € R6x3 (rows 4,5,6 are null), Ri1),1,2) € R4X3, R(19),02,1) € R3x4 R31),2,2) € R6*4
(rows 1,2,3 are null), Ry 1),(3,1) € R3%6 (columns 5,6 are null), R22),3,1) € R**6 (columns 1,2 are
null), While, ip the right configurations of Figs. 4 and 5, the interpolation matrices R ;) , i)
from ’)/1(;) to ")/l(]) are: R(371)7(171) e R7*3 (I‘OWS 5,6,7 are null), R(271)7(172) € R4x3 s R( 2),(2,1) € R3%
R(31),2,2) € R™4 (rows 1,2,3 are null), Ry, € R3*7 (columns 5,6,7 are null), R 2,2),(3,1) € R4X7

(columns 1,2,3 are null).

If 'y,(:)’(m) and véj )(s) are the master and the slave edge, respectively, such that 'y, = 'y,(:)’(m) N
yé] ) i non-empty, then the master-to-slave intergrid matrices are defined by
-1
Qeg), (ki) = Do Bieg) k- (53)

If A = up@m) denotes the array of the degrees of freedom on the skeleton (™) the Dirichlet

15



datum gy on the internal boundary I'y = 9€ \ 02 (for any ¢) is computed as follows:

() (54)

> @ Qg (ki) PraX  if véj) is a slave edge,
(80), 0 = i , ‘
¢ E; ;A if 7,7/ is a master edge,

where the sum Z,y(i) has to be intended for all the master edges w,(f) such that I'yy = 'y,(f) N 'yéj )
k

is non-empty. Matrices Dy ; in (54) ensure that the interpolation process is consistent also at the
cross-points shared by three subdomains.

1 @

As example, let us consider the configuration on the right of Fig. 4. We have chosen v;7, v,

and 752) as master edges, thus the master-to-slave intergrid matrices are:

Q@31),1,1) = D;;_,%R(3,1),(1,1)7 Q1,2),2,1) = Dl_éR(l,2),(2,1)7 Q3,1),2,2) = D;;_&R(s,1),(2,2)7

while the Dirichlet data for the local subproblems are:

(g1)h§2> = Q1,2),2,1) F2,1A, (g1)m1> = Ei1,
(gQ)Iwél) = F71A, (82)‘%2) = FooA,
(g3)h§1) = Q3,1),1,) 11N + Q(3,1),(2,2) 2.2\

Notice that if we did not premultiply the matrices R3 1) (1,1) and B3 1) (2,2) by D?ﬁ, the value
gs at the cross-point P would be the double of the correct value. This because P is shared by
the two consecutive edges 'y§1) and 752), and the interpolation process returns the value of the
interpolated function at P on each edge.

In assembling the Dirichlet datum on I'y, we suggest to assemble the vector g, (for any /) in
this way: first loop on the slave edges of I'y and then loop on the master edges of I'y. Since a cross-
point always belongs to the skeleton I'("™) (see Remark 6), no ambiguity occurs when we define
the Dirichlet datum, even when the cross-point is the endpoint of two consecutive slave edges of

(1)

a subdomain. For example, let us consider the left configuration of Fig. 5, where both ~;"’ and

7%2) are slave edges in ;. It is evident that the best value to be taken into account for g; at the

cross-point P is the one stored in (gl)h(z) (since it is exactly the value of the master trace at P).
1

Nevertheless, no problem occurs if in (g1)(P) we store the value obtained by interpolation of the

trace on ’yél).

Now, let us suppose that all the residual arrays ry; ( ry,; is the residual on the edge ’y,ii)) have
been computed (with formulas (46) to be taken into account when dealing with cross-points) and

let M}, ; denote the interface mass matrix on ’y,(:), defined as in (23).

If Wéj)’(s) and 'y,(f)’(m) are the slave and the master edges, respectively, such that 'y, = ’y,(f)’(m) N
vtgj)’(s) is non-empty, then we define the slave-to-master intergrid matrices by:

Q ki), (t.d) = MiiDy i ki) 0.5y My - (55)
Finally, the sum of the residuals at the nodes of the skeleton I'"™) is given by:

W= Z El(vri + Z Q ki), (6.5)T0,5) (56)

%(Ci)v(m) 7{5]’%(8)
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,ylgj),(S)

where Z’y(j%(s) has to be intended on all the slave edges such that the interface 'y, =

Z .
’ylgj M) g non-empty.

The matrices Dy, ; in (55) ensure that, when a cross-point P is internal to a master edge and, at
the same time it is the common endpoint of two consecutive slave edges, the (arithmetic) average
of the two slave residuals at P is consistent with the master residual computed at P.

An example is given by the right configuration of Fig. 5: the master edge is ’y?()l) , the consecutive

slave edges are fyil) and 752), the cross-point is P. In order to analyze what happens at P we can
think at the normal derivatives to the interfaces. The normal derivatives to I'1o balance each other
and no problem occurs. On the other hand, the normal derivative to ,yél) at P balances either the
normal derivative to 7&1) and the normal derivative to 752), but not their sum. Thus, if in (55) we
did not premultiply both the matrices R(3 1 (1,1) and B3 1),(2,2) by D?:}, the sum at the cross-point
P would be about the double of the correct value.

Notice that, in the left configuration of Fig. 5 the latter problem does not occur, since each

node of 'yél) is internal to a single slave edge, either 7%1) or 752).

NOXOpS

7. Numerical results

Let us consider the Laplace problem

—Au=f inQcCR?
{ u=g on 0f).

When g is different from zero, by standard arguments we recast the problem into the form (1). See

[30], Section 6.1 and Section 6.

2D test case. The data f and g are such that the exact solution is u(z,y) = sin(xym) + 1.
A decomposition of Q = (0,2)? in 10 subdomains as in Fig. 6 is considered, and independent
triangulations in each 2 are designed so that on each interface both polynomial non-conformity and
geometric non-conformity occur. Either P; or quadrilateral hp-fem (Q,) are used to approximate
the numerical solution. In order to guarantee full non-conformity on each interface, different
polynomial degrees and different element sizes are used inside the subdomains, by setting the
polynomial degree equal to either p or p+ 1 on two adjacent domains and the number of elements
equal to either N or N + 1, then we set h = 1/N. A non-conforming grid, obtained with @,
discretizations in each subdomain, is shown in Fig. 6, left.

In Fig. 7, the errors in broken norm (see formula (87)) are shown, w.r.t. to both h and p (the
polynomial degree in the bottom-left subdomain). The error behavior versus h (see Fig. 7 left)
agrees with the theoretical estimate of Theorem 12, for which we expect ||u—up|l« < c(u)h? (in this
case p = 1,2,3, see (101)). The convergence rate vs p shown in Fig. 7, right, is more than algebraic,
as typical in hp-fem. The interested reader can find in [16, 18] a wide collection of numerical results
on INTERNODES, even applied to both Navier-Stokes equations and fluid-structure interaction
problems.

3D test case. The computational domain @ = (0,2) x (0,1) x (0,1) is decomposed into two
subdomains € = (0,1) and Qs = (1,2) x (0,1) x (0,1). The data f and g are set in such a way
that the exact solution is u(z,y, z) = (y* — y)(22 — 2)sin(zyz7). In Q; (Q2, resp.) we consider a
triangulation in NV x N x N elements ((N —2) x (N —2) x (N —2), resp.). Then we set hy = 1/N
and ho = 1/(N — 2). When p = 1 the triangulation is composed by tetrahedra, thus classical P
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Algorithm 2 matrix vector product w = SA

INPUT: X (trace on the master interface T'(™)
OUTPUT: w (sum of fluxes on the master interface I'(™))
for all k =1,..., M (loop on the subdomains) do
% set the Dirichlet data for the local subproblems
for all ¢ s.t. fy,(:) C ' =09 \ 09 is a slave edge do
recover all the master sides ’y(gj ) of Q); associated with 'y,(:) (s.t. *yéj 'n
extract )\mgj) from A and interpolate from master to slave:

(&), 0 = 220 Qeii), (0.5) A
end for A
for all i s.t. 7,(5) C I'y is a master edge do
(8k) ) = BriA
k
end for
% solve the local problem in €,
solve Apup = fj, where f;, takes into account only the Dirichlet datum g on I'y, while the
external data (f and boundary conditions) are null on Iy,
% compute the local residual on each internal edge of T'y
for all ¢ s.t. fy,(cl) C I'y, (loop on all the edges of I'y,) do
v = (Apug) @ ()
end for
end for
% interpolate the residuals from the slave to the master edges and assemble them on T'(")
w= > ElL(ki+ D Quaeyres) (%)

'Yl(j)’(M) ,yéj),(S)

(%)

fyki = I'y; is non-empty)

BRI

(*) if a vertex of 'y belongs to two consecutive edges, keep distinct the contributions of the residuals arising
from the two edges, since each ry ; should approximate the normal derivative to the edge '71(;)-

(%) fy,(j)’(m) denotes any master edge, the sum Z’y(j),(s) has to be intended on all the edges fyéj)’(s) such
4

tha,t er — "}/]E:i)V('"L) N ,.Yé])a(s) is non—empty.
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1.5.  eee s see

0.5 : :

Figure 6: 2D test case. A partition into several subdomains (left picture); the dots are the nodes of the triangulations
within the subdomains. The corresponding INTERNODES solution is reported on the right picture
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Figure 7: The broken norm error w.r.t. the mesh-size h with p fixed (left). The broken norm error w.r.t. p (it is the
polynomial degree in the bottom-left subdomain), here the mesh size is fixed h = 1/3 (right)

fem are used, while when p > 1, the mesh is formed by hexahedra and hp-fem with Q, local spaces
are considered.

In Fig. 8, the errors in broken norm are shown, w.r.t. both the mesh size hy of 21 and the local
polynomial degree p = p1 = p2. Also in this case the numerical results agree with the theoretical
estimate of Theorem 12.

8. A comparison between the algebraic form of INTERNODES and Mortar methods

We follow the notations of [7] for the classical mortar method and those of [24] for the un-
symmetric mortar method, a special version of mortar method proposed in [12] in which the
cross-domain mass matrices on the interface are computed by suitable quadrature formulas instead
of (the computationally heavy) exact integration.

Let ugk) (for k = 1,2) be the Lagrange basis functions on I', and wi@) the basis functions of the
mortar space, being the latter associated with the slave domain {25. Then we set the mortar mass
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Figure 8: 3D test case. The broken norm error w.r.t. the mesh-size hi1 with p = p1 = p2 fixed (left) and w.r.t. the
local polynomial degree p = p1 = p2, with fixed mesh size (right) h1 = 1/5 and hy = 1/3.

matrices

= _ 2) (2 1 (2

==P o, Pijz/;é)wﬂ <1>@-j=/u§-)w“

— Nl - 2) (2 - 1) (2

= =(P) e, Py =n 0w, ep =3y

= = 1) (2

==t = (P7)let, ol = ny

being ¥._ (X4, resp.) the quadrature formula on the interface I" induced by the discretization in
the slave domain {2y (master domain €2, resp.).

Both classical and unsymmetric mortar methods can be recast in the form (45) provided that
the matrices (12 and Q21 are defined as follows:

‘ classical mortar unsym. mortar INTERNODES
Q21 = = Roy
Q12 c (EHT Mr, Rio My}

A similarity can however be established between INTERNODES and the unsymmetric mortar
method presented in [12, 24]. As a matter of fact, in the case that the quadrature nodes used in
>._ are a subset of the grid nodes induced on I' by the discretization inside the slave domain €9,
then ==~ = Ro;. Despite this, by choosing the basis functions wi(Q) of the mortar space as standard
(see [7, 24]) we observed numerically that the matrix Mp1R12M1:21 does not coincide with (2=+)7:
INTERNODES and unsymmetric mortar are indeed two different methods.

A more thorough comparison between the classical mortar method and INTERNODES can be
found in [16]. In the same paper the implementation aspects and the computational complexity of
the two approaches as well as their convergence rate with respect to the mesh sizes are discussed,
concluding that in practice INTERNODES attains the same accuracy as the classical mortar
method.
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9. Analysis of INTERNODES

In order to analyze INTERNODES for the case of two subdomains, we write an interface
formulation of transmission problem (8).

The analysis will be carried out in the case of straight interfaces and when the intergrid operators
IT;2 and IIy; are the classical Lagrange interpolation operators. (See also Remark 8.) Moreover,
for sake of clearness (in fact to guarantee that ryp, € A}, and to identify Y, , with A}, ), we
make the following assumptions.

Assumptions 2. Let dist(T',0p) > 0, that is Neumann boundary conditions are imposed on
those parts of 9€) that contain the boundary of the interface I'. Then, Ay, = Yj 5,, nx = 7y, and
Rk,hk = Rk for k = 1, 2.

Notice that, Assumption 2 is redundant if the subdomains are either rectangles (when d = 2)
or parallelepipedons (when d = 3) since, in such a case, rpp, € A?c,hk when either Neumann or
homogeneous Dirichlet conditions are assigned on those parts of 0f) that contain the boundary of
the interface I'.

In Section 9.3 we provide the weak formulation of INTERNODES for decompositions with
internal cross-points, starting from the simple configuration of Fig. 2, right. As we will see,
the analysis of INTERNODES for decompositions with internal cross-points does not introduce
additional difficulties with respect to the case with only two subdomains.

Along the whole section, ¢ will denote a generic positive constant independent of the mesh sizes
h1 and hg, but not necessarily the same everywhere.

9.1. Interface formulation of the continuous problem

For k = 1,2, given A € A and f € L?(Q), we consider the non-homogeneous Dirichlet problem

find uz’f €V ak(u;"f,v) = (f,v)12q,) WV E V2, uz’f =X onl. (57)
Because of the linearity of ag(-,-), we have uz’f = U + uﬁ, where:
Up €V ap(lp,v) = (f,0)1200,) Y0V (58)
and
up € Vie: ap(up,v) =0 Yoe V, up =X onT. (59)

The following stability estimate holds (see, e.g., [30, Sect. 6.1.2])

a1 ) < el fllzzn) + IAA)- (60)

We consider the following interface formulation of equation (9) with four unknowns: find
M EA, o€ A, and r1 € A/, ro € A such that

ar(up*, Ripir) — (e i) = (f, Ricpn) r2(0,) — ak(Uk, Repr) Yok € A, k=1,2,
(M = Ao) = 0 Vi e N (61)
(ri+r2.0) =0 Vo el
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where Ry, are defined in (10). The multipliers 7, coincide with Or, uj, see Remark 1. By eliminating
r1 = —r9 from the last equation and summing up the first two equations we obtain another interface
formulation of equation (9) with three unknowns: find \y € A, Ag € A, and r9 € A’ s.t.

> an(uyt, Ripe) + (ra o — i) = Y [(F Ren) r2() — k(G i)
h=1.2 =12

V(p1, o) € A x A (62)
{t; 0 —A2) =0 Vi e A
By setting g = (1, p2), A = (A1, A2), A = A x A (endowed with the norm ||A|ja = (H)‘lH?\ +
A2l13)/2), and VA, p € A, Vt € A,

'A()‘a H’) = Z ak(uzkaRkuk)a B(H7t) = <tmul> - <tvﬂ2>

problem (62) takes the saddle point form: find A € A and ry € A’ s.t.
A p) + B(p,r2) = F(p) Yp € A, (64)
B(A, 1) =0 Vt e A,

Lemma 1. The following properties hold:
1. the bilinear form A is coercive and continuous on A, i.e., there exist oy > 0 and C4 > 0 s.t.

A(p, p) = o pl a V€ A,

65
AL )] < CalAlallilla YA € A; (65)

2. the bilinear form B is continuous and satisfies an inf-sup condition, i.e. there exist Cp > 0
s.t.

B(, 1) < Callplaltlla VpeA, tel

t
inf sup B > V/2; (66)
ted pen [l allt]la

3. the linear functional F is continuous, i.e. there exists Cp > 0 s.t.

Proor. 1. By taking Rpur = ug’“, continuity and coercivity of A4 are an immediate consequence
of continuity and coercivity of the bilinear forms ay (see [30, Sect. 1.2]).

2. The continuity of B follows from Cauchy-Schwarz inequality. To prove the inf-sup condition,
we define the operators B : A — A and BT : A’ — A’ such that

B(p,t) = (t,Bp) = (B't,n)  YpeA, VteN.

Then, thanks to (63)q, it holds By = 1 — po for any p = (u1, u2) € A, and BTt = [t, —t]T for
any t € A, thus | BTt|| s = V2||t||as. Tt follows that

B(p,t BTt BTt|| s/
el pea [[llalltlar ten” pen (lpllalltllar terr |[¢]las

3. (67) follows by Cauchy-Schwarz inequality and the continuity of the bilinear forms ay.
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Theorem 2. Problem (62) is well posed. Moreover it is equivalent to (9), in the following sense: if
{A1, A2, 72} solves (62), then u; = ui\’f and uy = ug"f (with A\ = A1 = Ag) are the unique solutions
of (9); conversely, if {u1, ua} solves (9), then A1, A2, and ro solve (62), with

A= (un)p, A2= (u2)p,  (re, ) = ag(ug, Rap) — (f, Rapt) 2,y VYo € A

PROOF. Thanks to Lemma 1, the well-posedness of problem (62) (existence, uniqueness and sta-
bility of the solution) follows by applying standard results for saddle point problems (see, e.g., [8,
Cor. 4.2.1]) to (64).

The equivalence between (62) and (9) can be proved by standard arguments.

9.2. Interface formulation of the discrete non-conforming problem

Let Ay, and Agp, be induced by independent discretizations in €2y and €22 as in Sect. 4. Let
Ap = (A1, A2p,) be endowed with the norm of A, and for k = 1,2, let A}, = (Agp,, [l - [lar)
(Agp, and A}, ~are identical linear spaces, see Sect. 5 and [10]). Let the Assumptions 2 be
satisfied.

By applying the conforming finite element approximation introduced in Sect. 3 in each sub-
domain Q, we can write the finite dimensional counterparts of (57)-(59): given f € L?(Q) and
Xe,hy € Agpy, for k=1,2, we denote by Uy = Ug(Mgh,, f) € Vip, the solution of

ar(Ug,v) = (f,U)LQ(Qk) Yo € Vk(fhk, Up=Mep, onl. (68)

We note that Uy = Hy A p, + Uy, where Uy, = ﬁk(f) € VkO,hk is the solution of

ar,(Uy,v) = (fiv)r2@p Y0 € Vih,, (69)

and ﬁk/\km € Vi n, is the solution of
ak(ﬂk/\kﬁk, v)=0 Yve Vk(fhk, ﬁkkkﬁk = Aeh, onlT. (70)

Then similarly to the continuous case,
1Ukll 1 0p) < cUlfllz2cp) + 1Ak n lla)- (71)

We introduce the non-conforming counterpart of (62), i.e. an interface form of the non-conforming
problem (34):
find )\1’]11 € Ath, )\Q’hz € AQ’]—LQ, and T2 hy € A/2,h2 s.t.

> an(HrMenys Rittny) + Miar py, i1,n) = (T2,hgs Ho,hy)
k=1,2

= Z [(ﬁ Ricbih g, ) L2(0) — ar(Ug, Ripirny) V(11 hys 2.hs) € Aipy X Aapy,  (72)
h=1.2
(t2,hgs A2,y — 21 A1) =0 Vtony € Mg pys

where Ry, are the continuous discrete liftings defined in (33).
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Theorem 3. Problem (72) is equivalent to problem (34) — (35) in the following sense:

if {N b1y A2,hg» 2.0 b SOlEs (72), then {uyp, = Ui, usp, = Ua, Toh,} solves (34) — (85); con-
Uersely; Zf {ul,h17u2,h27r2,h2} solves (34) - (35); then {Al,hl = (ul,hl)‘r7)\27h2 = (U2,h2)|1“77’2,h2}
solves (72).

PROOF. Let {A1 4, A2 py, 72,0, } sOlve (72). Then, uyp, = Up and ugp, = Us (solutions of (68))
solve (34)1, while, from (72)s it follows Us = Il91U; on T, i.e., (34)2 holds. To prove (34)3— (35),

we set Hipy = 0 and M2 hy = /’LEQ) in (72)17 then <r2,h27M§2)> = a2(U27ﬁ2M£2)) - (f7 ﬁ2#52))L2(Qg)7

i.e., rop, and Uy satisfy (35) for k = 2. If we set pop, =0 and 14, = u(»l)

;7 in (72)1, we have

(~Tharg . M) = ay (U, RaplM) — (f,ﬁluﬁl))m(gl),

then, by setting ry ,, = —I1279 p,, 71,4, and Uy satisfy (35) for k =1, and (34)3 holds.
Conversely, let {ujp,,uzp,} solve (34) — (35) and set App, = (ugp,)r for & = 1,2, thus
Uk h, = Ug. We prove that {A; 4., A2 pys 2.4, } solves (72).
By using (35), (24) and (68) we have

<7"k,hk7/%(k)> = ak(Ukﬁkuﬁm) - (f, ﬁkﬂgk))m(nk)
= ar(Hi Mo, Rietl™) + ar(Op, Rienit®™) = (1, ﬁkﬂgk))ﬂ(ﬂk)-

Thus, by adding the two equations of (73) for k¥ = 1,2 and exploiting (34)3, we obtain (72);.
Equation (72)2 follows from (34)s.

(73)

The following result is a consequence of Theorem 3 and Remark 5.
Corollary 4. If Ay p, = Ao p,, problem (72) is equivalent to problem (18).

To study the well-posedness of problem (72) in the general case of Ay, # Agp,, we set
Wy = (W1,hys p2,hy) for any pg p, € Ay p, and pop, € Agp, and define:

Ann i) = > ak(Hihe g Rt ) VAn, iy € Ap,
k=1,2
Bin(tn, to,ns) = (Hi2to hys 1,0y ) — (E2,h05 12,0 ) Yy € Ap, Vtgp, € Ay, (74)
Bon (s tons) = (t2,h H2,he — Ho1pi1,n,) Vi € Ap, Vion, € Ay,
Fulpn) = Y [ Ritrn) 120 — @k (Us, Rittin,)] Vi € A
k=12

Ap, By, and By, are bilinear forms, 7, is a linear functional.
Problem (72) takes the following non-symmetric saddle point form (for its analysis in abstract
form see [6]): find Ay € Ap, and rop, € AY ) st

An(An, o) + Bun(Bn, m2,0,) = Falpn) Vi, € Ag (75)
Ban(An,ta,n,) =0 Vton, € Ay,
We define the operators By, Bap, : A, — Agp,, and B1h> th A hy A} s.t.

B (B tons) = (tong, Bentsn) = (Blntons, ), k=1,2,
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with
Binpy, = Mop1 ny — M2,y Bonpy, = t2,hy — Ho1pi1 p,y
Blytan, = Miatan,, —tan)’ Bapton, = [~sitan,, tan,]",
and, for 4,7 = 1,2, II¥; is the adjoint operator of IL;j, i.e.,
(ML p, 115) = (peas i pag)- (76)

In order to prove the continuity of the operators By, p,, the stability of the interpolation operators
1115 and Ilo; is required. This is stated in the next Lemma.

We set dr = d — 1. The classical interpolation estimates used in the next theorems are stated
in the Appendix.

Lemma 5. There exist two positive constants c1o and co1 independent of h1 and hs such that for
any q € ]%F, %[ it holds

B\ ¢ 1/2
Moy < e (14 (5) ) Wl ¥hc € Vi (77)

withk=140=2, ork=2,¢=1.
PrROOF. We take k = 2 and ¢ = 1 and we first prove that, for any real q such that %F <qg<o<3/2
M1 Al zery < (T4 (h2/h1)?) [Atllpe@y VAL € Yip,. (78)
Since any A\ € Yj p,, belongs to H?(I") for any o < 3/2, in view of (114) with s = ¢ and by applying
(113), we have
M1 Al ey < [H/\l — o1\ [[Fo ) + HAler)]
< chyllMllgay + M2y < e (X + (h2/h1)?) Ml L2 (-

The stability of IIz; in the H'-norm follows from (114) with s = r = 1 when dr = 1, and from
(117) when dr = 2. Thus we have HHQI)‘IH%p(p) < CH/\IH?ql(F)- Now (77) follows by interpolation
of Sobolev spaces.

Lemma 6; 1. The bilinear form Ay, is coercive and continuous on Ay i.e. there exist c, > 0
and C4 > 0 independent of h1 and hs such that

An(pns i) = allpglla - Vi, € An, (79)
An(pep, Y1) < Callppllalldnlla - Yoy, ¥y € Ag; (80)

2. the bilinear forms By and Bayp, : Ay, — Aoy, are continuous, i.e., there exist Cpr > 0 and
Cpa > 0 (depending on the ratio hi/ha) such that for k =1,2
1Bn (s to.ns)| < Orllpllalltznllar - Ve, € An, Vtap, € Ay (81)

moreover, they satisfy the inf-sup conditions for arbitrary subspaces Ay, and Agp,, i.e.

B t
inf sup M >1 fork=1,2 (82)

t2 o €My o s BnllAllE2nollar
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3. the linear functional Fy, is continuous on Ay,.

ProoF. 1. To prove the continuity of Aj, we use the following finite element uniform extension
theorem: there exists a (discrete harmonic) lifting operator Ry, : Ay p, — Vi, s-t.

I Ricttre ) < elirplla Viskny, € My (83)

with ¢ independent of hy (see, e.g. [31, Thm. 4.1.3]). The coercivity of A, follows from the
coercivity of the form (4) and the trace inequality (see [31, Sect. 2.2]).
2. Thanks to Lemma 5, for any ¢ e]%r, %[, it holds
|Ban (B t2,na)l = [(t2,n, Bantt) | < [tz l|ar(lp2.nslla + [T21p0,m, [[4)
< clltasll (2 nslla + (U4 (/B g lla)

Estimate (81) for k = 2 follows by setting Cpa = 2¢ (1 + (hg/h1)?)"/?. Similarly,
IBin (s t2,n,)] = [(t2,ns Binttn) | < [t2nsllar(lk2,ns 118 + [Tor1,n, [[4),
< clltasll (2 slla + (4 (/) iz plla)

where we have exploited the property [|II},|| = ||II;2]| and Lemma 5. We conclude that By j, satisfies
(81) with Cy = 2¢ (1 + (hy/ha)")'/2.
For any tg 5, € A} ha BlTh and BQTh satisfy, respectively,
T 2 2 \1/2
HBlhchzHA’ = (”H12t2,h2HA’ + HtZ,hQHA’) > ”t2,h2”/\’7
1/2
1B3nt2 s llar = (IM31t2na I3 + Nt2nallR) 7 2 lt2nallar,

thus (82) is fulfilled for both k& =1, 2.
3. Fp, is continuous on Ay, thanks to both the continuity of the bilinear form (4) and the finite
element uniform extension theorem (see (83)).

Remark 7. The constants Cpgj, do not affect the approximation errors, as we will see in Theorem
8.

Theorem 7. There ezists a unique solution (An,72,5,) € Ap X Ay, of (75) and it satisfies

1 Ca
Mila < o 17w el < (14 2) 17 (51)

Oy

(The positive coercivity constant o, was introduced in (65).) Moreover, by setting K1 = ker(Bup)
and Ko = ker(Bay,) there exists o > 0 such that

inf  sup An(pn, ¥n) > Q. (85)

un€ka ek lnllall$nlla —
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ProOF. Thanks to Lemma 6, existence and uniqueness of the solution of problem (75), as well as
inequality (84) follow by invoking Corollary 2.2 of [6].

The inequality (85) can now be obtained with the following arguments. First we prove that
dim (K1) = dim(K3). As a matter of fact, let I,,, be the identity matrix of size ny and By, By €
R72%(n11+12) the matrices associated with the operators By, and Bay, ie., By = [RlTQ, —Im],
By = [R21, —In,). Then rank(Bi) = rank(B2) = ng; since dim(ker(A)) + rank(A) = m for any
A € R™"™ we obtain that dim(ker(B1)) = dim(ker(Bsa)) = n;.

Now, thanks to [6, Cor. 2.2.] (see also [26, Sect. 4]) the properties (79)-(82) are sufficient
conditions for the existence of a unique solution of problem (75); on the other hand, the inf-sup
condition (85) jointly with (80)—(82), and the property that dim(K;) = dim(K2), are necessary
and sufficient conditions for proving the same result. This implicitly guarantees that (85) must be
satisfied.

Theorem 8. Let (A, r2) € A x A, and (Ap,Tap,) € Ap X A’Q’hQ be the solutions of (64) and (75),
respectively. Then there exists ¢ = ¢(Ca, 5A, Cp) > s.t.

1A= Aulla + lIrs = 72l < e (14 2){ i A= mylla
n,EK2

+ inf [HA_,LhHAJF sup !(A—Ah)(uh,w)l}

HpEAR PpEA ”’ltbhHA (86)
B-B ,t
- [Hm—tz,hQHA/+ sup ( 1,0) (Y, 2,h2)|}
to,ny €AS 1) $nEA, l[bnlla
+ sup ‘(]:_]:h)('(phﬂ}.
w,EAn (KN

PROOF. It is a direct application of Theorem 2.2 and Corollary 2.3 of [6], thanks to both Lemmas
1 and 6.
While the term in% IXN —nplla depends on the interpolation error of the intergrid operator
npEK2

II51, the term involving (B — By ;) depends on that of IT2. All the other terms only depend on the
local finite element approximation in each subdomain.
For any v € L*(Q) : vjq, € H* (%), k = 1,2, we define the H'— broken norm

ol = | 32 10120 (87)
k=12

If (w1, U2,hy) € Viny X Vap, is the solution of the INTERNODES problem (34)-(35), we define

- U1,h, in Ql
th = { U p, in (o. (88)

In order to bound the error between the solution u of problem (3) and the INTERNODES
solution uy, we need to estimate both the interpolation error due to a double approximation on the
interface I' (from A to Ajp, first and then from Ay p, to Agp,; similarly, by exchanging A; j, and
As p,) and an inverse inequality.
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Theorem 9. There exist ¢ > 0 and q € [1/2,1] independent of hy and hy s.t.
1A =T T g1y < e [R5 4+ 0872 (ha/m)! + 1) oy WA € HO(T),  (89)
for any o > dr/2, where g = min(o,py + 1), for k =1,2.

ProOF. Let A € H(I'), with o > dr/2. We recall that IIg;n = Zyn for any n € Y 5, and that
T\ € H3(T) for any s < 3/2.3 We denote by Id the identity operator, then

A =T (TN ey < Y0 IA = Tedllgae gy + 1T = To) (A = Ti) | ey
k=1,2

If dr =1, in view of (114) it holds
I(1d = T) (A = T g1 2y < chg A = Tid |y
and by applying again (114) we have

1N =T (TN oy < b2 408272 4 bR Ao )
<c (hflfm (1 + (h2/h1)1/2> + hgrl/?) Al £o (r)-
To bound |[(Id—Z3)(A—Z1A)|| gy1/2(ry when dr = 2 we invoke the classical approximation results
for general Sobolev spaces (see [14, Thms. 3.1.4, 3.1.5, and 3.1.6]).
Let us assume for now that A € WH2(T') for some t > p; + 1 and € > 0. Let &, be the
triangulations on I' induced by the meshes 7y 5, , for £ = 1,2. By applying Ciarlet’s Theorem 3.1.6

of [14] on each T' € &,, thanks to the regularity assumptions on the meshes T, , for m = 0,1
and any € > 0 we have

1(Id = To) (A = TuN) [lwmoaqry < chy TR = T\ rzse . (90)

(Notice that all the spaces inclusions required by Theorem 3.1.6 of [14] are satisfied.)
Now we apply Theorem 3.1.5 of [14] on each T € &, , thus for any p; > 1,

‘)\ - IlA|W1,2+s(1") S Chfl H)\HW}71+1,2+5(1"), (91)

and then )
|| (Id - Ig)()\ - Il)\) HW’"'2(F) S Chg/( +€) h%_mh}fl HAHWZ)1+1,2+5(F). (92)

The generalization of Ciarlet’s theorem provided in [20] for the case of lower regularity, i.e.
when t € [p1,p1 + 1], yields, for 7 = min(¢,p; + 1) > 1,

1(Id = Zo)(A = T\ [lwmeaqry < ehl/ TR |\ [yrzte . (93)

3Notice that the finite element Lagrange interpolant Z; X belongs to H'(I') and its partial derivatives are piece-
wise polynomial functions, not necessarily continuous, that belong to H SI(F) for any real s’ < 1/2. The latter result
is a consequence of Thm 11.4 in [23, Ch. 1].
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Thanks to the Sobolev embedding theorems (see, e.g., [21, (1,4,4,5)]), it holds
Mwretemy < [Mlwerzqy YA € W) nWer(T), (94)

for any o1 > 7 s.t. o1 —1=7—2/(2+¢). It is sufficient to choose either € < 2(g; —1)/(2 — 1) if
01 €]1,2[, or any € > 0 if p; > 2 and (94) follows.
Thus, by putting 7 = 01 — /(2 + ¢) in (93), we conclude that

1(Td = To)(A = TNy < o /ha) CTORGT™ B A e ). (95)
Finally, by interpolation of Sobolev spaces (see, e.g., [11, Ch. 14])
1(7d = Ta) (A = i)\l gaseqry < clha/ha) 2T/ CEORE Y25 on 1 (96)
and the thesis follows with ¢ = 1/2 +¢/(2 + ¢).

Theorem 10. Let 7y, : L*(T) — Y5 1, denote the L?— orthogonal projection operator. Then there
exist ¢ > 0 and q € [1,3/2] independent of both hy and hg s.t. Vr € HY(T') with v > 1 and
Cr =min(v,pp + 1) for k=1,2,

17hyr — Mo, rl| g2y < ¢ | R + A (hl/h2)q] Il v (ry- (97)
PROOF. Since v > 1 we can interpolate r on I' and obtain (as Ili2m2 p, = Z172.4, for any nop, €
Yo.h,)
[7hyr — Mo (may)l L2y < N(Id = Ta)(r — mnor) | 22(ry + I — Tarl| p2(ry-

By using (114), ||r — Z17|| 2y < ch§1 7| v (ry- For the first term we proceed as follows. If dp = 1,
then

1(1d = T0)(r = Ty 2qey < el — 77 L (by (114))
< chi(llr = Zor|| gy + [1Z2r — Tho 7l (1)
< chy (g Il ey + by I Tor — Thyrllzey)  (by (114) and (113))
< C(h]_/hQ)héQHTHHV(F) (by triangular inequality, (114) and (115))

and the thesis follows with ¢ = 1. If dpr = 2 we use the same arguments as before, but applying
the interpolation estimates on general Sobolev spaces as in the proof of Theorem 9. Thus for a
suitable € > 0 we have

I(2d = Z0)(r = 7yl 2y < ehy ™ = mhrlaeery
< Ch}-i—a/(?—&-a)hgz—l—e/@-i—a)HTHHV(F) < C(hl/h2)1+€/(2+8)h52HTHHV(F)~
The thesis follows with ¢ = 1+¢/(2 + ¢).
(1)

Lemma 11. For any ¢ = 1,...,n1 let w; be the support of the Lagrange basis function p,~ in
Yin,. There exists ¢ > 0 independent of h1 such that
1—dr)/2
maxc |y < ehy' ™2 eim lgam) Vbim € Yin. (98)

1<i<ny
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PRrROOF. If dr = 2, it holds (see [32, Lemma 4.15], whose proof holds for any p; > 1)

90| oo i) < € (1 +log(diam(wi) /) [ I wys Ydim € Vi (99)

then by applying (113), we have

91,0, | oo () < chy V2 (1 + log(diam(wi) /7)) 1m 2y Ptm, € Y.

Since only a finite number of simplices is included in w;, the thesis follows for dr = 2.

If dr = 1, let us define ¢ 5, € Xy, such that 914, = 91, on w; and ¥y, = 0 at all the
mesh nodes in Q; \ w;, then let @; be the support of 7;1,;”. Thanks to the extension theorem for
polynomials proved in [2], there exists ¢ > 0 independent of h; such that

1l @) < cllnp gz, (100)
then, thanks to (99), it holds

10 o) < 1 roo () < € (1 + log(diam(@;) /)2 19 m | @)
< (1 +log(diam(@;) /1)) [0, /2.
Since diam(w;) < 2hy, the thesis for dp = 1 follows.

We can prove now the main result of this section, i.e. the optimal error bound for the IN-
TERNODES method.

Theorem 12. Assume that the solution u of problem (3) belongs to H*(Q2), for some s > 3/2,
that X\ = ujp € H?(L') for some o > 1 and that ro = Or,uz € HY(I') for some v > 0. Then there
exist ¢ € [1/2,1], z € [3/2,2[, and a constant ¢ > 0 independent of both hy and hs s.t.

—-1/2 —1/2
Ju=wnlle < e { (R8T (1 (ha/m)) + 182 Aoy
+ > W el + ol ) + 1kl ) (101)
k=12
+ |:Oéh§l+1/2 + (1 + (hl/hQ)z) h52+1/2i| ||T2||HV(F)},

where £y, = min(s,px + 1) for k = 1,2, o = min(o,pr + 1), {x = min(v,pr+1), a =1 ifv > 1 and
a = 0 otherwise.

PrOOF. For k = 1,2 we set uy = ug,. Let uj, be the INTERNODES solution defined in (88),
A = up, Ay = (ug)r (notice that Ay = A2 = A) and A\gp, = (ug,n,)r- Then, in view of (57) and

(68) we have up = uz’f = uz + Uy and ugp, = U = HiMpn, + ﬁk, for k = 1,2. Moreover, by
standard Galerkin error analysis and (71) we have:

A7
fu—unl? = 37 luk— w2 = S I = Ukl

k=1,2 k=1,2
<> (I = Onli3n gy + IO = Men) oy ) 102
k=1,2
2
=11~
<e 30 (Wl anan) 1A=l
k=1,2
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with £, = min(s, px+1). In order to bound |[|A — Ap||a we apply Theorem 8 and analyze each term
on the right hand side of (86).

We have Ky = ker(Bap) = {m, = (M hM2hs) € An 0 Mop, = Hoimip, b If we choose
n, = (4N, 1171 \) € Ko, using the interpolation error (114) and Theorem 9 we have

IA=mplla < c(lIA =T gy + 1A = H21(Il)\)HH1/2(r)>
< (BTYE W (he/h)D) + 582 o,

with gp = min(o,pg + 1) for k =1,2.
Taking now p), = (1A, ZoA) € Ay, still using (114) we have

A=t < e (IA = TiMllgegy + 1A = ZA L))

_ _ (103)
N (A e DY P

With the same choice of p;, = (Z1\,Z2A) we can bound the error term involving (A — A;) in
(86) as follows

(A = A) ()l =1 D an(uy,™"™ = Hiptiony, Rt
k=12
< Cy Z k™" — T page @) IRV n 1) V¥R € As.
k=12

Moreover, since iy, = Iy A, by triangular inequality we obtain

o, _
”“kk " — Hopir | 1.0

< g = ag M e + ek = Hidla e + HiA = Hi(Zed) Lo,
(by Céa’s Lemma on the second term)

< ey M@y + it = TPl oy + e = Zed) )
(by (60), (114), and (71))

—1/2 —
< e (BN oy + g e )

where I,? is the Lagrange interpolation operator on €. Thus, thanks to (83), we have

[(A = Ap) (kp: Y1) 0k—1/2 =1y, X
sup S D [ PP e i I AT (104)
b eAn 2 kzgg k ™) k k (%)
By using similar arguments,
[(F = Fn)(@p)| = ar (U — Uk, Rt n, )|
k=1,2
<Cy ik — Uklla ) - 1Rk, R 1 (00)
k=12
r—1 11~
<e > WAkl e - [kn A,

31



whence

[(F = Fn) (%) =1~
sup <c R k| s g, ) - (105)
wnehn  1%nlla kZ ¢ e

We analyze now the error term

B-B t
D= inf/ [HT‘Q — t?,hQHA/ + sup |( 17h)(¢h 2’h2>‘] . (106)

2,y €05 PLEA) IKZPAIPN

We recall that A’2 h, 18 the dual space of Ay p,, that can be identified to Ay p, endowed with the

norm || - ||as. Let w; denote the support of the Lagrange basis function ,u( ) of Yih,- By setting
to = ta p,, we have

|(B = Bin) (¥, t2)| = |(t2, Y1,h, — 2 h2> — <H12t2,1/11 hi) + (t2, 02 ko)

= |(t2 — Hazto, Y10y ) r2(r)| = 21/11 i () (b — Thata, plM) 12 L2(r )'

=1
ni

Z(h — Iyato, /ll(-l))m(wi)
=1

= |Z¢1 e () (t2 — Mot ! ))Lz(wi)| <M

i

with M = max; ||11 p, ||Loo(wj).
Let 7, be the orthogonal projection operator from L?(T') onto its subspace Yih,. For any
i=1,...,nk, by setting w; = Uj. w,2pwj, we find

|(t2 — Hutzaﬂgl))L?(wi)‘ = |(mp, t2 — Haata, Mgl))LQ(wi)’

o (Fnta = Moto) @) (S, 1) 2y
Jt wiNw; #0
1 1
<cllmnts ~Motall ey D )2y (by (113)
. Jt wiNw; #0
< ch{"? | mn, t2 — Thata r2(z

The Lagrange basis functions satisfy the estimate Hugl) 22w < chfr/ ? and the number of elements
in each w; is finite and independent of hy. Then

ni ni

1 dr/2
St — Miat, 1) 2y | < b2 lmngte — Mista 2o
=1 i=1

dr/2 dr/2
= e/ |[mn, (t2 = Thizte) | 2y < e[tz = Musta | 2r)-
Thus, using the Cauchy-Schwarz inequality and Lemma 11 we obtain

sup I( 1) (s t2)| sup |(t2 — Thata, 1p,) L2y < chY2|jty — st 120
YrEA, IR 1P $EA KA 1P

We choose now ty = top, = mp,1T2, Th,r2 being the L?— orthogonal projection of ry on Yo by -
Using (115) we obtain

. 1/2
inf  |lry = tomyllar < lIr2 — Thyrall go1/2y < chy” / 72l v () (107)
12,y €A
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fo<v<l,

[mhyre — ha(mhyro) |2y < challmnyr2ll gy (by (117))
< (ha/h2)hs|[mngra| ey (by (113))
< (ha/ho) gl e (ry (by (116))
thus, from (106), we obtain that
3/2\ pv+1/2
D<ec (1 + (h1/ha) ) B Y2 o | oy - (108)

If v > 1, by using Theorem 10 and (107) in (106), we conclude that there exists z € [3/2,2[ such
that
D < e (A7 4 (U (1)) B2 sl oy (109)

By collecting all the intermediate estimates proved thus far we obtain

IA=Anlla < e (B2 (4 (ha/)) + 1E2) Aoy

0 — ~
+ Z by 1(”“2”H5(Qk) + [Tkl s 0p)) (110)
k=1,2

 [ah$ T (U (02 BT Nl ).
with @ =1 if v > 1 and a = 0 otherwise. The thesis follows in view of (102).

Remark 8. In the case of curved interfaces we could consider regular isoparametric families of
triangulations and, again, the Lagrange interpolation. Alternatively, if one chooses to work with
regular affine triangulations, he has to turn to other types of interpolation such as, e.g., RBF
(see Remark 3). In the former case, the theory we have developed for straight interfaces can be
repeated by exploiting the approximation theory for curved elements (see, e.g., [14]) and provided
that estimates similar to those given in the Appendix (precisely (115)—(117)) are satisfied. In the
latter case, a more involved analysis of the interpolation operators Il;5 and Ils; is needed; this
work is in progress.

9.8. The case of decompositions with cross-points

In order to simplify the exposition, we formulate INTERNODES for the decomposition depicted
in Fig. 2, right. We take into account the notations introduced in Sect. 6.3 and suppose that
*yil) , 'yél), and 752) are of master type, while the others are of slave type.

Let m = 3 be the total number of subdomains of our decomposition. For k£ = 1,...,m, let

Vi.h,, be defined as in (21). Then we set:

Agny ={A=vr,, v € Vit A;(lek ={1= Vs U E Viehi }s
1 2 1 2 1 2 1
An = ATh, X AT < AQD, X AT ALY AL = (AT) < (Ag))"

More generally, Ay, is the space of all the traces on I' = Uk,m,ii)

discrete fluxes on the slave interfaces.

, while A is the space of the
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For any A, € Ay p,, the function A\; ; = )\k| ¢y belongs to A(]) (for sake of clearness we omit

the sub-index hy), while t; € (A/,(C )hk) . For the decomposition of Fig. 2, right, any element of Ay,
has the form )\h = [)\171, )\1,2, )\2,1, )\2,2, )\3,1], while any th S A;,h reads th = [t1,2,t3’1].
The generalization of the saddle point problem (75) reads: look for A, € Ap, rp, € A;’h s.t.

{ An(Nns i) + Brn(pgstn) = Faliy) Yoy, € Ay, (111)

Ban(An,tn) =0 Yty € AL,

where Ay, By p, Bap and Fy, are the multidomain counterpart of the forms defined in (74). In our
particular case they are:

Anp(An, py,) = Zak H i by s Rickk by, ) VAR, iy € Ay,
k=1
Bin(pn,th) = (a@ntsn, #1101, — (3,1, 143,1)Ts
+(I(2,2)(3,1)13,15 H2,2)T05 — (3,15 13,1)Tag
(M2, 1y(1,2)t1,2, B2,1)T1s — (t12, 1 2)Ty Y, € Ap, VR € Ay
Bon(Bp,tan,) = (31,131 — g 1y1,1)41,1) 115
+(t3,1, 43,1 — H(3,1)(2,2)M2,2>F23
+(t1,2, 1,2 — U1 2)(2,1)42,1) T Yy, € Ap, Vi, € AL,

Fr(py) = Z (fs Rty ) 12(9) — 0k (Uns Rictteny,)] Vg, € A,
=1

(112)

where Wg.i)(e,5) 18 the interpolation operator from Agi)w to A](C/L,)hk;’ while the lifting operators H;, and
Ry, are defined in (70) and in (33), respectively.

The bilinear form By j, collects all the contributions that involve the interpolation of the discrete
fluxes from the slave sides to the master ones. Each row of Bj ) replicates the definition of By,
in (74)2 given for the 2-domain decomposition. Similarly, B} collects all the contributions that
involve the interpolation of the discrete traces from the master sides to the slave ones and each
row replicates the definition of By, in (74)s3.

When a more general decomposition is considered, the functional spaces Ap and A;h, as well
as the bilinear forms By, ,, are defined coherently.

If we assume that all the subdomains §2; are convex with Lipschitz boundary and that any
angle between two consecutive edges is less than 7, the analysis of problem (111) can be carried
out by exploiting the results of Sect. 9.2. Thus we conclude that problem (111) is well-posed (the
analogous of Theorem 7 holds) and the convergence estimate (101) can be extended to decomposi-
tions with more than 2 subdomains and with internal cross-points. The optimal convergence rate
of INTERNODES is confirmed by the numerical results shown in Fig. 7.

10. Appendix

Let D C R with dp = 1,2,3 and 7}, be a family of affine, regular and quasi-uniform trian-
gulations in D. Let Xj, = {v € C%(D) : vy € P, VT € Ty}, T the reference element, and P the
polynomial space on 1" ([14]).

For any ¢ € [1,400] and m > 0 real, let W"9(D) denote the generic Sobolev space ([1]); in
particular H™(D) = W™?2(D).
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Inverse inequalities for piece-wise functions. Let there be given two pairs (¢,7) and (m, q) with
¢,m >0 and r,q € [1,00] such that £ < m and P ¢ W™(T) 0 W4 (T'). There exists a positive
constant ¢ independent of h such that (see [14, Thm. 3.2.6])

1/q 1/r

Z |U|qu(T < cht—m—dp(1/r—1/q) Z |v|§V“(T) Yv € Xy, (113)
TeT, TeT

Lagrange interpolation error. Let I, : C°(D) — Xj, be the Lagrange interpolation operator.
For any r, s € R with 0 <7 <1, s > dp/2, ¢ > 0 independent of h s.t.:

lo = Zuollir oy < b ol Vo € HY (D), (114)

where ¢ = min(s,p + 1) and p denotes the local polynomial degree. For the proof, see, e.g., [30,
Thm 3.4.2] if s > 2 is an integer, and [20, Thm. 2.27] for 1 < s < 2. The estimate with dp =1
and 1/2 < s < 2 can be proved by following the same arguments used in the cited references.

Projection error. Let mj, : L?(D) — Xj, be the L?—orthogonal projection operator. For any
r, s € R, dc > 0 independent of h s.t.

v = 70l (e (pyy < B ollgspy Yo € HY(D) (115)
with ¢ = min(s,p + 1) (see [7, Lemma 2.4]). Moreover (see, e.g., [9])
I7rvll s (D) < esllvllms(p) Vv e H*(D), 0 <s <1, (116)

with ¢s > 0 depending on s but independent of h.
By using the same arguments adopted to prove Lemma 1 in [13] for py = 1 we can prove for
any py > 1,

Zenk |1 (py < el (o) e — ZenkllL2(py < chelmklmrypy, Yk € Vi (117)

with k=2and {=1,or k=1 and { = 2.
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