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Abstract. In this paper we analyze the family of Yosida algebraic fractional step schemes
proposed in [A. Quarteroni, F. Saleri, and A. Veneziani, Comput. Methods Appl. Mech. Engrg., 188
(2000), pp. 505-526], [F. Saleri and A. Veneziani, SIAM J. Numer. Anal., 43 (2005), pp. 174-194],
and [P. Gervasio, F. Saleri, and A. Veneziani, J. Comput. Phys., 214 (2006), pp. 347-365] when
applied to time-dependent Stokes equations. Under suitable regularity assumptions on the data,
splitting error estimates both for velocity and pressure are established. In particular we analyze the
first three methods of this family, providing, respectively, convergence (of the fractional step solution
towards the numerical solution achieved without any operator splitting) of orders 3/2, 5/2, 7/2 for
the velocity and 1, 2, 3 for the pressure. Moreover a general way to set up higher-order schemes is
proposed. The present analysis is carried out when spectral element methods are employed for space
discretization.

Key words. algebraic fractional step methods, time-dependent Stokes equations, spectral ele-
ment methods

AMS subject classifications. 65M12, 76D07, 76M22

DOI. 10.1137/070682800

1. Introduction. The aim of this paper is to provide convergence estimates for
the class of Yosida methods proposed in [12, 13, 15, 8] for the numerical solution of
time-dependent Stokes equations in the primitive variables velocity and pressure.

Yosida schemes are algebraic fractional step schemes in which the incompressibil-
ity constraint is relaxed in order to earn computational efficiency, and they are based
on an inexact LU factorization of the matrix A arising from the full discretization (in
space and time) of Stokes equations. The basic Yosida scheme was introduced in [13].
The accuracy analysis, carried out in [12], shows that when the time discretization
is based on a backward Euler method, Yosida splitting still maintains the first order
accuracy in time both for velocity and pressure (with respect to appropriate norms).

Successively, in [15, 8] two improved versions of the basic Yosida method (named
Yosida-3 and Yosida-4 in the present paper) have been proposed. A pressure correc-
tion step is introduced in these schemes, with the aim of increasing the accuracy in
time for both velocity and pressure. A preliminary analysis of the consistency error
has been carried out for Yosida-3 (resp., Yosida-4) in [15] (resp., [8]) proving that the
perturbation on the discretization matrix A is of third (resp., fourth) order in time
with respect to the time-step. However, a complete splitting error analysis, i.e., the
convergence analysis of the fractional step solution towards the numerical solution
achieved without any operator splitting, is still missing. The aim of the present pa-
per is essentially to perform such analysis when the space discretization is based on
spectral element methods of Qy — Qn_2 type [11, 1, 3, 4], but we also emphasize the
derivation of Yosida methods from a more general point of view than that given in
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[15, 8], suggesting the formulation of higher-order schemes. The main result of the
paper is Theorem 3.7, in which we prove that the splitting error induced by Yosida
schemes (when they are coupled to BDFq (with ¢ = 1, 2) for time discretization
of the time-dependent Stokes equations) behaves like AtP+3/2 (resp., AtP*1) for the
velocity (resp., for the pressure), where p = 0 for basic Yosida, p = 1 for Yosida-3,
and p = 2 for Yosida-4. The thesis of Theorem 3.7 when ¢ = 3,4 has not been proved
yet. Nevertheless in this paper we consider the more general contest with g =1,....,4
since numerical results relative to the choice ¢ = p 4+ 2 are encouraging and provide
global approximation errors on the velocity of order g with respect to At. In the
present paper no evidence is given to computational aspects concerned with Yosida
methods, since the topic has been extensively discussed in [8].

This paper is organized as follows. In section 2 we recall notation and settings
about Stokes equations, spectral elements discretization, and some useful proper-
ties on symmetric positive definite matrices. In section 3 we present the derivation of
Yosida methods for the unsteady Stokes equations, perform the splitting error analysis
when spectral element methods are used for space discretization, and give some per-
spective for extending the analysis to unsteady Navier—Stokes equations. In section 4
we present some numerical results corroborating the convergence analysis developed
in section 3. Even if the theory presented in this paper holds in R?, with d = 2,3,
only numerical results for the case d = 2 are reported here.

2. Problem statement and settings. We consider time-dependent Stokes
equations for Newtonian incompressible fluids in the velocity-pressure formulation.
For any open bounded domain Q@ C R? (d = 2,3) with a Lipschitz boundary 0%,
and a positive T fixed, given a solenoidal datum uy € [H*(Q)]¢, an external field
f ¢ [L2(0,T; H*(Q))]¢, and a boundary datum g € [L?(0,T; H'/2(0Q))]¢, we look
for the velocity field u € [L2(0,T; H!(Q2))]? and the pressure field p € L2(0,T; L3(f2))
solutions of

aa—ltlfz/AquVp:f in Q x (0,7,
(2.1) V-u=0 in Q% (0,7),

u=g on 99 x (0,7),

u=ug in  x {0},

where v > 0 is the kinematic viscosity. It is well known that problem (2.1) admits a
unique solution (see, e.g., [16]).

We approximate the time derivative by a backward differentiation formula (BDF)
of order q. Given At € (0,7), we set t° = 0, t" = tY + nAt (for any n > 1) and
Np = [Alt]; therefore, for any integer n = no(= g — 1),..., Ny — 1, we look for the
solution (u™*t p"*1) of the system

qg—1
ﬂ—lun+1 o VAun+1 + vpn+1 — fn+1 + jZO %unfj in 97

At
(2.2)
V - un+1 =0 in Q,
utt = gntl on 99,
where u’ = ug and g; (for j = —1,...,q) are the coefficients of BDF of order gq.

When BDF with order greater than one are used, initial data could be provided by
suitable explicit schemes (e.g., Runge-Kutta) of the same order as the BDF used.
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About the space discretization, we choose quadrilateral conforming spectral ele-
ments [11]. In order to overcome instabilities due to the mixed formulation of Stokes
equations, we make use of the Qny — Qn_2 scheme with staggered grids [1], according
to which local polynomials of degree N in each variable are used to approximate every
component of the velocity field, and local polynomials of degree N —2 in each variable
are used to approximate the pressure (Qn denotes the space of polynomials of degree
less than or equal to N in each variable). By this choice, the inf-sup condition is
satisfied with a constant 3 which is proportional to N(=4/2 [1],

We introduce a conformal, regular, and quasi-uniform (see, e.g., [14]) partition
75, of Q in N, quadrilaterals T} such that

Ne
Q= T ith h= h hi = diam(7; k=1,..., Ne.
191 ky Wl jr,ileajz)fh k> k lam( k)a ’ s 4iVe

Let us assume that every Tj, € 7, is the image of the reference square T = (—1,1)2
through a smooth invertible mapping Fy : 7" — T} with Jacobian Jp, satisfying
det Jp, (x) > 0Vx € T. We set

(2.3) Qu(Q) ={vy € CO( ): UH|T, oF, eQn VTy €T}

and vk := vy, VIk € 7. The subscript H represents the discretization level and
it stands for the couple (h, N). Given uz, vy € Qp (), we set

Ne

(2-4) (UH, UH)H,Q = Z(UN,k, UN,k)N,Tk,,
k=1

where ()1, denotes the discrete inner product in L?(T}), based on the Gauss—
Lobatto-Legendre (GLL) quadrature formulas [3]. In each element T}, of the partition
we define a local GLL grid of (N + 1)? points and a local Gauss—Legendre (GL) grid
of (N — 1)% points. The last grid is staggered with respect to the former one and
is internal to Ty. The unknowns of the discrete problem will be both the set of the
velocity values on the GLL grid and the set of the pressure values on the GL grid [1].
By setting the finite-dimensional spaces

Vo= [Qu(Q), VY, = [Qu(Q) N HE(9Q)]?,
Qn = {an € L) : qrr, o Fr € Qno VT; € T},

we reformulate problem (2.1) following the Galerkin approach and replace all exact
integrals in L2(Q) with GLL quadrature formulas; the resulting approach is named the
spectral element method with numerical integration (SEM-NI) [4]. For any ¢,, € (0,T),
we denote by g(t,,) € [H(Q)]? the extension of g(t,) to by any possible continuous
operator from [H'/2(9Q)]? to [H'(Q2)]?; moreover, we denote its discrete counterpart
by g%, € Vy. At each time-step tn41 (for n = ng,..., Ny — 1) we look for the

numerical solution (uf;"™', pi; ') € Vi x Qy, satisfying (u} 2t — gyt € VY, and
B-1, n
E(UH-H v+ v(Vul ™ Vv o
(2:5) — (5L v = [ £ Z AU v Vv € Vi,
H.Q
(V-uy ™ gr) 0 =0 Var € Qn.
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Therefore, we set N, (resp., N,) the total number of GLL (resp., GL) grid points in
Q. For any ujy € Vi, we denote by U € RV the vector of the expansion coefficients
of uy with respect to the Lagrange basis {(pj }35{ (defined on the GLL grid) in Vy
and by Vg C R*M (resp., VO C R?Vv) the set of the vectors U corresponding to
functions uy € Vi (resp., V%). In a similar way, for any py € @ we denote by
P ¢ R™» the vector of the expansion coefficients of py; with respect to the Lagrange
basis {m}lN;1 (defined on the GL grid) in Q4 and by Qg C R¥» the set of the arrays
P corresponding to functions py; € Q.

We denote by M € R*No*2Nv the mass matrix M;; = (@;,¢;)n,0, by K €
R2Nex2No the stiffness matrix Ki; = (Ve;, V,)r,0, and by B € R*M*Ne the

matrix related to the discretization of —V-: Bj; = —(V - Pi )H,0, and we set
B-1

2.6 C=—M+vK.

(2.6) oMt

Remark 1. Matrices M, K, and C are symmetric and positive definite. Moreover,
thanks to the fact that the space discretization chosen satisfies the inf-sup condition,
the matrix B is a full rank matrix and ker(BT) = {0}. Finally, we remark that when
SEM-NI is used, the mass matrix M is diagonal.

The system is reduced to the unknowns internal to €2, and the right-hand side
is modified accordingly, taking into account the contributions that Lagrange basis
functions associated to Dirichlet boundary nodes give to those associated to internal
nodes. This step produces a right-hand side [F7, F4™7 that is nonzero also in the
continuity equation.

The algebraic form of (2.5) reads as follows: for n = ng,..., Ny — 1 solve

1= .
n+1 Tpn+l _ gn+l - ) n—
CUntt 4 BTPrtl — BT +At]§:06JMU i,

(2.7)
BU"! = Fth
or equivalently, for n = ng,..., N7 — 1 solve
c BT
(2.8) AW = gt with A=
B 0
and
1= 4
n n n+1 . n—
W _ [ U P e I I + 57 D AMUT
| prtl ’ - G;H-l T j=0
Fngl

System (2.8) could be solved by a global approach such as a preconditioned Krylov
method with either algebraic or differential preconditioners. Alternatively, a block
LU factorization of A can be performed with

C 0 I Cc'BT
(2:9) L:{B —BC—lBT}’ U:[o I }
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so that, for any n = ng,..., Ny — 1, system (2.7) reads also

CUn—i—l/Q — G?+1

2Pn+1/2 _ GSJFI _ BUn+1/2,
prtl — P7L+1/2

C(Un+1/2 _ Un+1) — BTPn+1.

L-step : find U™t1/2 prtl/2. {
(2.10)
U-step : find U?*1, pnrtl . {

The matrix
(2.11) ¥ := —BCO'BT ¢ RNe*Ne

is the so-called pressure Schur complement matrix and —¥ > 0. Solving system (2.8)
by a block LU factorization offers the advantage of splitting the original problem into
subproblems of smaller size, even if the assembling of ¥ is, however, quite expensive.
The idea of Yosida schemes consists in replacing the block LU factorization (2.9) with
an inexact one or, equivalently, in replacing algorithm (2.10) with a more efficient one
from the computational point of view. The next section will be devoted to present
the derivation of Yosida schemes, starting from (2.8).

We are now going to introduce some notation and report some properties we will
use in the next sections, referring to [17] and [9] for an exhaustive treatment of these
subjects.

D1. Given a real square matrix B, we write B > 0 if it is symmetric positive def-
inite (s.p.d.), while we write B > 0 if it is symmetric semipositive definite. Moreover,
if B, C € R®*™ are symmetric, we write B>Cif B—C>0and B>Cif B—C > 0.

D2. The eigenvalues of a matrix B € R®*™ are denoted by \;(B) and the spectral
radius of B is defined as p(B) = max{|\;(B)|, i =1,...,n}.

D3. For any square matrix M of the form

CBT}

M:{B D

the Schur complement of the nonsingular block C in M is defined as M/C := D —
BC~1BT. Moreover, det(M) = det(C)det(M/C) (Schur’s formula [17, Thm. 2.2]).
D4. The inertia In(B) of a square matrix B is defined to be the ordered triplet
(i4,1—,10), where iy, i_, and i are the numbers of positive, negative, and zero real
parts of the eigenvalues of B.
D5. For any matrix B € R™"*" whose coefficients depend on At, we say that

B = O(AtF) it ]||B||| = O(At%) for At — 0,

where ||| - ||| denotes the 2-norm for matrices.
P1. For any invertible matrices B, C € R™*" it holds that

(2.12) B+o)'=B'B-(Cc'+BH B,
(2.13) B-C=-B(B'-CcB,
(2.14) B(B+C)"'B=B-C+C(B+C)"'C.

P2. As a consequence of the Courant—Fisher minimax theorem [17], for any
real symmetric matrices B, C € R™*™ it holds that A;(B) + A\pnin(C) < Mi(B+C) <
Ai(B) + Anaz(C), i =1,...,n.
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P3. If B,C € R"*" are s.p.d. and B—C >0, then C™' — B~! > 0.

P4. If B, C € R™*"™ are symmetric and C > 0, then the eigenvalues of BC are all
real and In(BC) = In(B) (see, e.g., [5]).

P5. If a matrix is the product of two s.p.d. matrices, then it is similar to an s.p.d.
matrix (this is a consequence of P4).

P6. For any s.p.d. matrix C € R™" and X € R™*" with ker(X7) = {0}, it holds
[18] that

(2.15) ct—atxecxt)tx >o.

3. Yosida schemes. Yosida schemes come basically from an inexact block LU
factorization of matrix \A. The first method of this family was introduced in [12, 13]
and consists in replacing the Schur complement 3 by a suitable matrix S.

In [15] and [8] two improved versions of the Yosida method (here named Yosida-3
and Yosida-4) were proposed. Such improved Yosida schemes introduce a correction
step on the pressure with the aim of increasing the accuracy in time for both velocity
and pressure. In particular, these improved Yosida schemes are defined by a new
matrix @, inside the U-step of (2.10) and acting on the pressure, which corrects the
approximation of the Schur complement Y. All is done at the algebraic level, without
a compulsory differential interpretation. This feature allows us to neglect the setting
up of boundary conditions for the substeps. All methods and the analysis developed
hereafter can be applied to different kinds of boundary conditions as well.

The idea of Yosida schemes is as follows: at each time-step, instead of solving
system (2.8) by the block LU factorization set in (2.9), we are interested in solving a
new system

(3.1) AWt = Gt

where A := LU is generated by a suitable LU inexact factorization of A, W+ is an
approximation of W”*! defined as

'[Ajn—i-l

1 o
- ~ Fril 4 — MU
(32) Wnrtl=| . , while  Grtl=| ! At Zﬁ !
Pn+1 7=0

F;H—l
Let H = (At/B_1)M~1; the inexact factors L and U of A are chosen as follows:

. C 0 . I BT
(3.3) L:[B —BHBT}’ U:[o Q }

where the nonsingular matrix ¢ may be set up by following different strategies (see
section 3.1), and its choice leads the accuracy of the whole scheme. By setting

(3.4) S:=-BHBT,

matrix A reads

(3.5) A:[g Sgizl

Matrix S is an approximation of the pressure Schur complement ¥ of A and —5 > 0.
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For any n = ng, ..., Ny — 1, system (3.1) reads also

. ~ 1! P
5 CO 4 BTP = Bt 4 50",
: ot

Bﬂ'n—&-l _ (Z _ SQ)]/.:\"H_I _ F;Hrl
(this is the Yosida counterpart of (2.7)) or again
CUn+1/2 _ G711+1,
SPn+1/2 _ Gngl _ BU"+1/2,

Qiin+1 _ 13n+1/2’
C(fj’n+1/2 . ﬁn+1) _ BTf)nH

L-step : find Un+1/2, pn+1/2, {
(3.7)
U-step : find Un+L, Prtl,

(this is the Yosida counterpart of (2.10)). R
For any t", system (3.1) is well posed iff A is invertible, i.e., iff Q) is invertible.
As a matter of fact, recalling the definition of A and thanks to Schur’s formula, we

can write det(A) = det(C) det(SQ).

In the following section we will present some possible choices for nonsingular
matrices () and provide algebraic fractional step schemes supplying different accuracy
properties.

3.1. How to set up matrix Q. System (2.7) is equivalent to (3.6) if A=A,
i.e., if either Q = S™!¥ or Q7! = X719, but the exact computation of @ is infeasible,
since it would imply computing ¥ directly, which is what we want to avoid. Our aim
is to set suitable sequences of matrices {Qp}pzo approximating @ such that

(3.8) IC>0 |- 8Q,l|| <CAtPTE as At — 0,

where ||| - ||| denotes the 2-norm for matrices. The quantity |||X — SQ,||| is named
the consistency error and is due to the approximation of A by A.

The direct definition of Q = S~!'¥ and its definition by the inverse Q' = %718
suggest two different strategies for deriving matrices Qp invoked in (3.8). The first
strategy exploits the expansion in series of ¥ (through the expansion of C~!) and the
matrices so derived will be denoted by {@p}p>0. The second strategy takes advantage

of the expansion of £~ as well and the resulting matrices will be denoted by {Q,}p>0-
Let us begin to set up matrices Q,. If p(VHK) < 1, we can expand ¥ as follows:

(39) ©=-BC'B"=-B(I+vHK) 'HB" =~ B(-vHK)*HB".
k>0

By setting

(3.10) Dy := B(—vHK)*HBT = O(At*™!)  for k=0,1,2,...

we have ¥ = — 7, . Dy and Q = S7'¥ = =S~ 37, ) Dy Therefore, we define
p

(3.11) Qp = —S_lsz for p=0,1, 2,....
k=0
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The explicit forms of the first three items of {Q,} are
(3.12) Qo =1, Qi =I-S5"'Dy, Qy=1—-S5"'D; —S7'D,.

Remark 2. In the case of SEM-NI discretization, the assumption p(vHK) < 1
turns into

At At
v—p(M'K)=cv—N*n"? <1,

B-1 B-1
where ¢ denotes a generic positive constant independent of At, N, and h [3, 4]. It fol-
lows that the convergence of the series Y, o, (—vHK)* to (I+vHK)™! is guaranteed
if B
B_.h?
v N4~
It is worth remarking that condition (3.13) implies the nonsingularity of matrices @,
as well.

(3.13) At <c

To derive the second sequence of matrices {Q,} we note that S = —Dy and we
write
-1 —1 -1
Q'=%"1S=|-) D, S={5-> D S=|(I1-5"1> Dy
k>0 k>1 k>1

By putting R := S™'(3 45, Dx) it holds that Q=" = (I — R)™" and, by assuming
that p(R) < 1, it holds that Q=" =", . R as well. Then we rewrite Q! as a sum

of matrices Ry, s.t. R = (’)gAtk) in order to highlight the dependence on powers of
At. We have Q7' =37, - Ry, and then we set

—1
p
(3.14) Qp = <Z Rk> forp=0,1,2....
k=0

To give the explicit form of Qp (for p = 0,1,2) we compute the powers of R up to
degree 3:

R=S7'D; + S 'Dy + S7'D3 + O(AtY),

R?=(S7'D;)?2+ S7'D1S7 1Dy + S71DyS 1Dy + O(AtY),
R3 = (S71D1)3 + O(AtY),

and recalling that Dj, = O(At**1) we have

Ry =1,

Ry =S7'Dy,

Ry =S7'Dy+ (S7'D1)?,

Ry =(S™'Dy)® + 8 'D,S "Dy + S 1DyS Dy + S Ds.

From definition (3.14) it follows that

QO = I7

Q1=(I+57'Dy)" = -D's,

QQ = (I+ SilDl + SilDQ + (SilDl)Z)il
— (D + DS~'D + B(HC)>HBT)~'5,

(3.15)

(3.16)
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where we have set D = BHCH BT and employed the fact that C = H~! + vK.

Remark 3. We analyze the bound p(R) < 1 when SEM-NI are used. By con-
struction, the leading part of R, for At — 0, is S™'D;, and we can infer that, for
sufficiently small At,

~ -1 _ VAt —1pTy—1 -1 —1pT
p(R) ~p(S™'Dy) = 7, p(BM~"B*)""BMKM~"'B").

It is possible to prove that the condition p(R) < 1 is satisfied under assumption (3.13).
As a matter of fact we set By = BM~'BT, By = BM~'KM~'BT, E = E; 'E,
and we denote by (\;,p;) an eigenvalue-eigenvector pair of E or, equivalently, an
eigenvalue-eigenvector pair of the generalized eigenvalue problem E1p = AEyp. Since
Ey > 0, the eigenvectors p; can be chosen Ey-orthogonal to one other, i.e., pZTEOpj =
0 if ¢ # j. Then, for any eigenvector p; (i = 1,...,N,), we set v; := M~-12BTp,
and denote by Vi the subspace of R?Nv spanned by {vi}ﬁvz”l. It is easy to see that
M~Y2KM~Y2v; = A\;v; holds for any i = 1,..., N, that is, the eigenvalues \; of E
are bounded by the eigenvalues of M 1K

PROPOSITION 3.1. Matrices Qp (for p=0,1,2) are nonsingular.

Proof. QO is the identity matrix, and Ql = —D~'§ is nonsingular since both D
and S are nonsingular matrices. Proving Qg is nonsingular is equivalent to proving
Q; '— Ro+ R+ Ry is nonsingular. By definition

Q;'=—-S8"'D+(S7'D)2+ S"'B(HC)*HBT
=S 'BHC(-C™' — HBY(BHBT)™'BH + H)CHB”
and, since B is a full rank matrix, Q; !'is nonsingular iff the matrix
(3.17) W=H-C'-HBY(BEHB")'BH

is nonsingular. By recalling that H = %M’l >0,C=H '4+vK >0,and K > 0,
we have C' — H~! > 0, and then H — C~! > 0 (see P3 in section 2), which implies
that (H — C~1) is nonsingular. Since ker(BT) # {0}, also BHB” is nonsingular.
Therefore, we set

BHBT BH

and we note that matrix W is nothing more than the Schur complement of BH BT
in M, i.e., M/(BHBT).

By applying Schur’s formula (D3, section 2), det(M) = det(BHBT)det(W)
holds. On the other hand we can write det(M) = det(H — C~!)det(M/(H — C~1))
as well. Therefore

det(W) = det(M/(BHBT)) = %

and det(W) # 0 iff det(M/(H — C~1)) # 0.
Recalling (2.12) we have (H—-C~1)~! =
—C+ H ! = —vK, it holds that

det(M/(H — C~1Y)

H Y H—(-C+H1)~1H~!, and since

M/(H—-CY=BHBY - BH(H - C Y 'HBT
=BHB" - BHH '|H + (vK) '|H 'HB" = -B(vK) 'B”.
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The thesis follows since K is nonsingular. |

As stated by the following lemma, both sequences of matrices (), and Qp yield a
consistency error satisfying estimate (3.8). This lemma generalizes the results given
in [15, 8.

LEMMA 3.2. There exist At = At(v,N,h) > 0 and positive constants c, =
cp(v,N,h) and é, = é,(v, N,h) such that for any At € (0,At) and p = 0,1,2 the
following estimates hold:

(3.19) 112 = SQyll| = cp AtPF2 + o( AtPF2),
(3.20) |2 = SQ,l|| = &,AtPF2 4+ o( AtPT2).

Proof. By definition (3.12) we have ¥ — SQp = —> ;- 1 Dy

Estimate (3.19), with ¢, = %z p(B(M 1K)+ M1 BT), immediately follows
by recalling that Dy = O(AtF*1) (for any integer k > 0).

In order to prove (3.20) we begin to consider the matrix ¥~! — Q7 1S~1. We set
Z =3 k>pi1 Ry, so that

p
ST =Q ST = | Y R - ) Ri | ST =257

By using (2.13) we have
(3.21) 2 -5Q,=-X(27"-Q,'STSQ, = -£2Q,.
Estimate (3.20) proceeds by recalling that ¥=—5%", - Dk=0(At), Z=3"; Ri=
O(AtP*1) and by noting that Q, = (3h_, f%k)_l = 0(1). 0

Even though both matrices ), and Qp produce consistency errors of the same
order with respect to At, we are inclined to choose matrices Qp instead of @, to set

up Yosida schemes, when p > 0 (recall that Qg = Qo = I). As a matter of fact we
can easily prove that

(3.22) & <o,

which implies [||Z — SQ1]|| < ||| — SQ1 || for sufficiently small At.
By exploiting the definition of @1 and by using (2.14), with B = S = —Dj and
C = D1, we write the difference ¥ — S@Q); as follows:

S —85Q1 ==Y Dp—S(S+D1)'S==> D+ Do+ Dy~ Di(Dy — Dy)"' Dy
k>0 k>0
= 7D2 — Dl(Dl — D0)71D1 + O(AtS)
On the other hand, ¥ — SQ; = — Do + o(At3). It is immediate to verify that both D,
and D1 (D; — Dy) ' D; are symmetric matrices, and then the 2-norm ||| - ||| coincides

with the spectral radius p(-); moreover it holds that Dy > 0 and D1 (D; — D)~ ' Dy <0.
If we apply P2 of section 2, we can conclude that

)\max(D2+D1(D1 _DO)_lDl) S )\mar(DQ) +)\max(D1(D1 _DO)_IDI) < )\ma:z:(D2)u
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FIG. 3.1. The consistency errors |||S — SQp||| and |||Z — SQpl|| for p=0,1,2. The viscosity is
v =10"2 at left and v = 10~ at right. 4 x 4 equal square spectral elements with polynomial degree
N =5 are used.

that is,
élAt?) = p(_D2 — Dl(Dl — Do)_lDl) < p(—DQ) = ClAt?).

Results shown in Figure 3.1 confirm (3.22). The proof that é; < ¢z (which implies
|Z = SQal|| < ||| — SQ2]|| for small At) is quite long and technical, so we only
report numerical results (again in Figure 3.1) confirming such assertion.

In order to compare the two approaches from a computational point of view, we
note that both matrices @, and Q, are involved in the solution of a linear system like
QP = Prt1/2 gt each time-step. When p = 0 it holds that Qo = Qo = I. When
p > 1, solving systems Q,P™t! = P"*1/2 means performing 2 (N, x 2N, )-matrix-
vector products and solving one linear system whose matrix is > y_, Dj. If we choose
a direct algebraic solver, the matrix > ;_, D) may be assembled and factorized once,
and the computational cost related to the solution of all systems of type Qf’"“ =
prti/2 (for any n = ng, ..., Ny —1) is proportional to NS + Np - Ny - Np. Otherwise,
solving systems Q,P" ! = P"1/2 means performing 2 - p (N, x 2N, )-matrix-vector
products, 2-p (N, x N,)-matrix-vector products, and solving p linear systems whose
matrix is S. By recalling that matrix S is already assembled and factorized inside the
algorithm, since it is used in the f/—substep of (3.7), the computational cost related
to the solution of all QP”H = pnti/2 (for any n = ng, ..., Ny — 1) is proportional
to (Ny + Np) - Ny - Np. In conclusion, when we choose a direct algebraic solver to
solve QP! = P*+1/2 if Ny is large (i.e., Nr > N,), the choice Q = @, will be
more convenient than ) = Qp. Nevertheless, matrices Qp (3.14) are preferable to
matrices @, (3.11) for what concerns accuracy with respect to At. In this paper we
have preferred accuracy properties and have chosen to approximate @ by Qp inside
the definition of A (or equivalently in either (3.6) or (3.7)).

The choice Qg yields the Yosida (or Yosida-2) method [13, 12], while the choice @,
(resp., Q2) provides the Yosida-3 (resp., Yosida-4) scheme introduced in [15] (resp.,
[8]). From now on the term Yosida-(p + 2) (for p = 0,1,2) will denote the Yosida
method obtained by replacing @) with Qp.

Finally, for any n > ng we will denote by (ﬁ%,p’ ﬁ?{’p) € Vi X Q1 the numerical

solution of (3.6) obtained by replacing @ with Qp, while we will denote by ﬂg (resp.,

f’;j) the vector of the expansion coefficients of Gy, (resp., Py p) with respect to the
Lagrange basis in V3 (resp., Q).
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3.2. Convergence analysis. We define the global errors as the errors between
the exact solution of problem (2.1) and the numerical solution (G p, Py p) obtained
with any Yosida-(p 4+ 2) method, i.e.,

Np—1 1/2
[ =y plle2mny == (At Z [u(ts) _ﬁ%,p”%{1(9)> ;
n=ngo
(3.23) No1 1/2
1P = Prpllez(z2) == (At Z [p(ts) —ﬁ%,pﬂi%m) :
n=no

We can upper-bound global errors (3.23) as follows:

[u =02 plleemry < lu—apllezary + [[ur — Qo pllez s
lp = Prplleezy < Il —prllewe) + lpH — Proplle e,

where the first terms on the right-hand sides are the errors due to BDF, while the
second ones, induced by the Yosida-(p + 2) scheme, are named splitting errors and
are the errors between the solution (us,py) of (2.10) and the solution (G, Pr,p)

obtained by solving (3.6) with  ~ Q,. Therefore, for p = 0, 1, 2, we are interested
in analyzing the splitting errors:

Np—1 1/2
[ure — Qe pllez oy = (At Z ug, — ﬁ%,p%rl(n)> ;

n=no

(3.24)

Np—1 1/2
lpr — Prpllez (2 = (At Z P —ﬁ%,p|2m(n)> :

n=ngo

Remark 4. From the analysis carried out in [10] it is known that the solution
of the Navier—Stokes problem can be regular for ¢ — 0 under unrealistic nonlocal
compatibility conditions. On the other hand, accuracy in the usual norms ¢*(H?)
and ¢2(L?) can be attained only if the solution is regular enough, even when using
high order discretization schemes. Otherwise, high order in time can be recovered
only in suitable weighted norms. In what follows, we will assume that high regularity
hypotheses hold. This ensures that when using BDF¢q time discretization of order
g(> 1), without the fractional step approach, optimal accuracy is ¢ for both veloc-
ity and pressure. Without such high regularity assumptions, optimal convergence
estimates given in the present paper will hold only far from ¢ = 0. We denote by
|| - [le2 (v) a suitable time-weighted norm; the scheme shown in Table 3.1 summarizes
results known in literature.

From now on, by (-,-) and || - | = (-,-)'/? we will denote the classic Euclidean
inner product and the Euclidean norm, respectively, in R".

Let U, V € Vg be the vectors associated to uy, vy € V. By recalling that
M and K are the mass and stiffness matrices, respectively, it holds that (MU, V) =
VIMU = (uy, vi)r.0 and (KU, U) = (Vuy, Vv )w.o. Then we set

U]l := v/(MU, 1), 10l :== V(KU,U).

It is worth pointing out that the norm || - ||; is the discrete counterpart to the L2-
norm of Vu. Thanks to the Poincaré inequality, which states that, for any function
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TABLE 3.1
Low regularity assumptions High regularity assumptions
on the exact solution on the exact solution

(no compatibility conditions imposed)
BDF1 | [Ju—unle1y = O(A?) lu = unllez g1y = O(AL)
in time | [|p = pylle2(z2) = O(AL/?) lp — prllez(r2y = O(AL)
Proof: see [2] guidelines of [2]
BDFq | flu—usllp2(m1) = O(AL) lu —upllp2 g1y = O(AL?)
in time | |Ip — prcll2(r2) = O(ALY?) lp = prlle2(r2y = O(AL9)

a = wslles, 1y = O(A89)

P = prllez, (22) = O(AL™T)
Proof: see [6] for g = 2 guidelines of [6, 2]

u € Hg (), there exists a positive constant Cq such that |[ufl 12(0) < Cal|Vull L2,
and thanks to the equivalence between the continuous L?-norm and its discrete coun-
terpart induced by the discrete inner product (2.4) [14, 7], |lux|n.0 < [[unl/z20) <
3||un || 0, the following (discrete) Poincaré inequality holds:

(3.25) Vo < 3Cal| V] for any V € V%.

Moreover, since K is s.p.d., for any U,V € Vg it holds that

(3.26) (KU, V) = (K'2U,KV2V) < | K20 | K2V = U]V
Finally, from Lemma 3.2, we immediately deduce that, for p = 0,1, 2,

(3.27) (2= 5Qp)P,Q) < GAI2|P[[Q| for any P,Q € Qq.

Remark 5. In order to prove convergence estimates for the Yosida schemes, we
need to prove that matrix X — SQP is definite. With Lemmas 3.3, 3.4, and 3.5
we prove that ¥ — SQq > 0, —(X - S’Ql) > 0 and, under suitable conditions, that
Y- SQQ > 0. Lemma 3.3 has been proved in [13] by using the analogy with the Yosida
regularization operator; we present here a shorter proof, based on s.p.d. matrices
properties. Lemma 3.4 has been proved in [15] with different arguments. Here we
follow an approach exploiting (2.15), yielding a shorter proof.

LEMMA 3.3. £ —SQg > 0.

Proof. Inside the proof of Lemma 3.1 we have proved that (H — C~!) > 0. Since
ker(BT) = {0}, it follows that ¥ — SQy =X —S=B(H—-C )BT >0. O

LEMMA 3.4. —(X — SQ;) > 0.

Proof. By definitions of ¥, S, and Q; we have

—(2-8Q,) =B[c™! — (BH)'(BHCHB")"'BH|BT
and since ker(BT) = {0}, —(X — SQ,) > 0iff C~' — (BH)T(BHCHBT)"'BH > 0.

The thesis follows by putting X = BH and C = C in (2.15). d
Inside the proof of the following lemma, we will use the matrix

(3.28) Bi=—Ds— DS Dy — D,S™IDy — D1 (S71Dy)2.

Matrix B is symmetric, and numerical computations have shown that B has real
nonnegative eigenvalues for any space discretization we have considered. Nevertheless
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we cannot prove that it is positive definite, even if it is worth noting that nonnega-
tiveness of its eigenvalues does not depend on the time-step (recalling definitions of
matrices Dy, all the addend in (3.28) are O(A#?)).

LEMMA 3.5. If B > 0 and if At is sufficiently small, then ¥ — SQs > 0.
Proof. As a particular case of (3.21) we have

(3.29) Y —5Q,=-2(E7 - Q;1571)50Q,,

and we analyze the sign of the three factors of the right-hand side of (3.29). Let us
start by proving that if At is small enough, then —S@Q2 > 0. We set

(3.30) B:=D-DS'D—- B(HC)’HBT,

so that —SQ, = SB~1S. Since B is symmetric, then —SQ, is symmetric as well
(and ¥ — S’Qg is also symmetric); moreover we can apply Sylvester’s law of inertia
[9] and conclude that —SQ, > 0 iff B > 0. In order to prove that B > 0 we
apply P2 of section 2. By construction, both D and —DS~!'D — B(HC)2HBT are
symmetric matrices, and we can write that )\mm(B) > Amin(D) + Appin(=DS™D —
B(HC)?HBT). Since D = —S—D; = O(At) and —DS™'D—-B(HC)?HBT = —Dy—
D1S71D; = O(A#?), there exist two real constants ¢; and ¢y such that A, (D) =
c1At and A\pin(—DS™ID — B(HC)?HBT) = c3At?; therefore 1 + coAt? > 0 is a
sufficient condition to have )\mm(é) > 0. Since D = BHCHB” > 0, then ¢; > 0,
while we cannot give any estimate on co. If ¢ > 0, no restrictions on At are required;
otherwise if ¢ < 0, we have to assume that At < At := (—cl/c2)'/2.

Let us consider now the matrix —(X~! — Q;'S™") = —R3S~' — 3, ., RS~
where R3S~ = O(At?) and 3", , RiS~! = O(At?), and we analyze only the sign of
— R3S~ 1L, By (3.15) we have —R38 1= 85"1BS™! so that —R35~! > 0 since B > 0.
Whatever the sign of — %", ., R;,S~! may be, for sufficiently small A¢, the matrix
—(271 = Q51571 will be s.p.d.

Finally, starting from (3.29) we can write (X — SQ3)(—SQ,)™' = B! —
QQ_ 15=1) and the thesis follows by noting that the matrix on the right is similar to
a s.p.d. matrix (P5 of section 2) and by applying P4 of section 2, with B =% — S5Q
and C = (—SQ2) L. 0

It is worth noting that the stability of BDF¢+ Yosida-(p+ 2) depends on stability
of both BDFg scheme and Yosida splitting. The following lemma extends stability
results proved in [12, 15] and highlights the stability of Yosida splitting when the
associated BDFq method is absolutely stable, i.e., ¢ = 1, 2. On the contrary, when
either BDF3 or BDF4 is considered, it is natural to expect that a stability condition
due to BDF has to be ensured as well.

LEMMA 3.6 (stability). BDFg+ Yosida-(p + 2) scheme (3.7) is unconditionally
stable if ¢ = 1,2 and p = 0, while it is conditionally stable if g = 1,2 and p > 0.

Proof. We consider system (3.6) with @ = Qp, F; =0, F; = 0. By using either
the identity 2(a — b,a) = a® — b* + (a — b)? (when ¢ = 1) or 2(3a — 4b + c,a) =
a? —b% + (2a — b)? — (2b — ¢)? + (a — 2b+ ¢)? (when ¢ = 2), by summing from n = ng
up to Ny — 1, by Lemma 3.3, and by neglecting some positive terms, it holds that
Hﬂf,w |2 < C, where C is a positive constant depending only on initial data.

When ¢ = 1,2 and p = 1, we proceed as before. In particular, when p = 1, in view
of Lemma 3.4, a sufficient condition to ensure stability is furnished by »| U™ 1|2 +
((2=8Q,)P" 1, Pmt1) > 0 for any n > ng. By recalling (3.20), the previous estimate
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infers a bound on At. Finally, when p = 2, Lemma 3.5 ensures positiveness of > — SQP
under suitable restrictions on At. o

We set E; , = U" - Uy, Ep , =P" - P}, and Ej = [Ef, , E’I—S’p]T7 recalling that
p is the subindex of Q.

THEOREM 3.7 (convergence). Let us consider systems (2.7) and (3.6) with either
g=1orq=2, and (3.6) with Q = Qp forp=0,1,2. If At is sufficiently small, then
there exist two positive constants Cp and C~'p, depending on space discretization, but
independent of At, such that the following convergence estimates hold:

NTfl

(3.31) IEYSIIE +vAt Y IEFEE < Cpaets,
n=ng
Nr—1

(3.32) At > ERE < Coarrt?,
n=ngo

ie., |luy — le’pllloc(LZ) < CpAtp+3/2, |luy — lemle(Hl) < CpAtp+3/2, and ||py —
Prpllizrzy < CpAtPTL

Proof. BDF1. We start by considering BDF1 for time approximation of both
systems (2.7) and (3.6). They read

M

el Un+1 _ Un KUnJrl BTP’n,+1 — Fn-‘rl
(3.33) At v * 1

BU"H = Fyt!
and

%(fjn—&-l _ fjn) + VKIjn+1 + BTlf)n—i-l _ Fn+1
(3.34) Af' P p P P Lo

BUIH — (S — SQ,)Prtt = Fyt.
By subtracting (3.34) from (3.33), we obtain

M,
(3.35) At R R
BEp, = (2= QB = (2 - 5GP,

B - B )+ oKBE 4 BT <0,

then multiply the first and the second equations of (3.35) by VI = 2At(EZ;1)T and

QT = 2At(E7}§:;1)T, respectively, and we subtract the second equation from the first
one. We obtain

(3.36) (M(EpL —Ep,) Bt + 2vAKEL ERE
+ 2At((S — SQ,)ERL BBl = 2A8((S - SQ,) P EREY).

Moreover, by using the identity 2(a — b,a) = |a|* = [b]* 4 |a — b|* and the definite
positivity /negativity of (¥ — SQ,) (Lemmas 3.3, 3.4, and 3.5), we have

IEGEHIE — 1B I8 + IBLE — Bp I8 + 20 AtEGH 2
< 2At(( — SQ,) P, E}f,j;l) — 29At((Z — SQ,,)E;;;R EpHY),

where v = 0 when p = 0 or when p = 2 and B > 0; otherwise ¥ = 1 when p = 1 or
p=2and B is not positive definite.
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By applying the Cauchy—Schwarz inequality, estimate (3.27), and the Young in-
equality it follows that

B 1S = 1B, 1 + 1B, — By, |l + 2vAt By

= *H(E SQp)P 2 + 2e A ERL + 29¢2 AP ERE |2

2
< 2P At2p+4”Pn+1”2 (26At2 + QWCQAthFS) ||En+1H2

and by summing on n = ng, ..., Ny — 1 we obtain
Np—1 Np—1
(3.37) IEGHIE+ D IEGS —Ef,I5 +2vAt - EGHIT
n=ngo n=ng
Np—1
< pAt2p+3 <At > ||P"+1||2>
n=ng
Np—1
+ (268 + 292 APFE) SBR[
n=ngo

We denote by (8 the inf-sup constant which depends on the space discretization but
that is independent of At. Thanks to the inf-sup condition, to the first equation in
(3.35), to (3.25) and (3.26), we have

n+1 M (pan+1 n n+1
||En+1|| <X |(BTEP’p aV)| l sup ‘(E(EU,p _EU,p)+VKEU,p aV)|
- ﬁ evc VI B vevy, V11
V#0 v#o
1[3Cq  mn "
< 5 | SR BLy ~ B lo + I
and then
NT 1 1802 NT 1 NT 1
(338) At Y IBRIP < G | R o IBES - BRI+ 27 Y IEE3 R
n=no n=no n=no

Now we note that there exists a positive constant C'p such that At(EnN;:; |PmHL)2) <
Cp. As a matter of fact, p € L?(0,T; L3(f)), while the discretization error on the
pressure associated to the pure BDF1 scheme (3.33) satisfies the inequality At Zg;:ol
1Pt 1) — preltns )P < cAt [2].

Therefore, we replace (3.38) in (3.37) and obtain

NT 1 NT 1
ool + D B —Eg, 5 +2var > B
n=no n=no
2Cp eAt At
< PT7 Ag2ZPt3 o= PAPTZ ) 2
=T + 5 +7¢, 7
1802 NT 1 . . NT 1 .
A > IERE B2t Y IER R
n=ngo n=no
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If v = 0, we choose ¢ = 32/(18C3), we move on the left the terms depending on
Ey, and, under the assumption At < 18C2 /v, we obtain

1 Nt Nr_1 9C22Cp
(3.39) |EJTIG + Z IEGE — B, llo + vAt Z IEGEHIT < TQ”AF””'-
n=ng n=ng

Otherwise, if v = 1, we choose ¢ = 3%/(27C3), again we move on the left the
terms depending on Ey ,, and we have

2 186203\ "'
N. Q n n
||E T||o <3_Atp+1 ) Z ||EU;1_ U,p”%

n=no

VAt 20 APE3\ Tt 27C3E2Cp
+ vAt (2 ~ T~ ”ﬁz STOIERE? < ToEEE ArtS,
Q

n=no

2
If we require that At < mln{(m)(erl)/Q, 27;“, (Qéﬁﬁ)l/(Qerg)}, an estimate
P P

like (3.39), but with a different numeric constant, is true as well.

In conclusion, by neglecting some positive terms the estimate (3.31) holds, that
is, the Yosida-(p+2) method is (p+3/2)th order accurate on the velocity with respect
to both ¢°°(L?)- and ¢*>(H')-norms, with C}, = C,,(Cq, ¢y, Cp, ).

Finally, from (3.38) and (3.31), the estimate (3.32) on the pressure holds as well,
that is, the Yosida-(p +2) is (p + 1)th order accurate on the pressure with respect to
the EQ(LQ) -norm, with C, = C,,(Cq, é,,Cp, B).

BDF2. We take into account both systems (2.7) and (3.6) with ¢ = 2 and subtract
the second system from the first one, obtaining

M
E”+1 —4E}, + B} KE“+1 BTE"+1
(3.40) YNAK pHEG,) Y + 0,

BE — (S - SQP)E"+1 —(2 - 5Q,)P™t1,

Then we multiply the first and the second equations of (3.40) by VI = 4At(E’If;1)T

and QT = 4At(E}é;1)T, respectively, and subtract the second equation from the first
one. We obtain

(3.41) 2(MESY — 4By, + BN, ERYD + wAuKER L B
+ 4AL(S - SQERLLERT) = 4At((S - SQ,) P ERY.
Moreover, by using the identity 2(3a — 4b + c,a) = |a]? — |b]? + |2a — b|?> — [2b — ¢|? +

|a —2b+c|?, working as in the proof for BDF1, and by neglecting some positive terms,
we obtain

NTl NTl

IEYTIE + D B — 2B, + EpL 3 + v Do [EHE
n=no n=ng
NT 1

(3.42) < pO AEPTS 4 (22A8 + 4 APT) S BB
n=ng
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By applying the inf-sup condition, we have

BTEZ L vV
< L aup T Y
B vevd HVHI
V£0
1 [3Cq n n n
< 5 | oo sy — 4B, + B o + 1B
1 [3C n
<2 [m‘; I omp 4B o+ 2B B o+ B
and then
NT 1 NT 1
. 3A¢ o
(343) At Y [EBH? < [ S e
n=ng n=ng
s 3 (B~ 265, + By, B + 41 - B, IB) |

n=mno

Now we have to estimate the term ||EZJ;1 — Ef,[I§ which is not present on the left-

hand side of (3.42). To this aim we multiply the first equation of (3.40) by 4At(E’[};1 —
Ef )7, the second equation of (3.42) at both time ¢,,41 and ¢, by 4At(E;f1)7, and
we linearly combine them in order to cut the term (BE}L;;, E”Jrl —Ep ). By rewriting
3E;T —4EY +E} T =2E ) -Ep )+ (B -Ep ) — (Eg,p E’(}’pl ) by applying
(2a,a — b) = |a|> — |b|?> + |a — b]?, we have

5B, — Eg, |3 — B, — By, I3 + By — 2B, + B
+ 2t (BG5S E — 1B, I3 + 1B — Bp 1)
= —AAH(Z = SQ,)(P" — P") Ej)) + 4A1(S — SQ,) (B! — Ep,) B,

Therefore, by applying the same techniques as before, we have

Np—1 Np—1
(3.44) 4 > |BFT—ER I+ Y IEY — 2B, + EFLG
n=ng n=no
NTfl
+ oAt Y |[ERE - By |13
n=no

Nr—1
~ECpALPTS 4 (2eAt + 36,AtP?) (At > IEE 12)

n=no

where we have used Y, [P"™ —P"|2 <23 [P and ), [[ERE — EB [I* <
2>, HE"“H2 By summing inequalities (3.42) and (3.44) and by neglecting some
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positive terms, it holds that

Nr—1 Nr—1
Epslls+2 > IIBG —2Bp, +E3L G +4 > IEGY —ER, I3
n=ng n=ng
Nr—1
(3.45) +2vAt > B
n=ngo
9 Nr—1
< 5% 2Cp AP + (10eAt + 76, AtPH?) (At > ||E$j;||2>.
n=ngo

By using (3.43) in (3.45) and by moving the terms with Ey;,, on the left, we have

NT 3 p+2 9CQ e n+1 nop2
IG5l + (1= 50080+ 76,000 50 ) 57 1B — B

NT 1
. 9c En n,
+ (2 — @(mgm + Té, At 4&) > IBpE = 2B, + B

n=no

Nr—1 9
Z ||]En+1||1 < 7A20 Ap2p+3.

n=ngp

+ <4yAt — ﬁi(logm + 7épAtp+2)V2At)
2

We choose € = 15 (8%/(27C3) — 7¢,AtP™!) and, under the assumption At < min{27
C2 /v, (43%/(189¢,C3))Y/ P+11 | the estimate (3.31) follows. The estimate (3.32) fol-
lows by both (3.31) and (3.43). 0

Remark 6. It is worth noting that the assumptions required on the time-step
by the previous theorem are not very restrictive; note that for Q c R it holds that
Cq = Qmeas(ﬂ and 3 = O(N(1=4/2) The most restrictive condition on the time-step
is that glven in (3.13) ensuring the series — >, ., D} converges to X.

Remark 7. When either BDF3 or BDF4 are considered, under suitable stability
conditions on the time-step, we expect that convergence estimates like (3.31)—(3.32)
hold for the couple BDF¢- Yosida-(p + 2), as well as for ¢ = 3,4, as numerical results
of the next section show.

Remark 8 (extensions to the Navier—Stokes case). We consider now the semi-
discretization of unsteady Navier—Stokes equations by the following semi-implicit

scheme: for any n = ng, ..., Nz — 1, look for the solution (u"*!, p"*1) of the system
q—1 /8
(3.46) +UpTH =y B in
=0
V- un+1 =0 in Q,
u"tlt = gntl on 012,

where A represents either a full explicit discretization of the convective term if

(3.47) Nt a™u ) =Y a7 V)ut
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or a semi-implicit discretization of the convective term if

qg—1
(3.48) N@™ ot a™u ) = (ut - V)u" ut =) aud,
7=0
and where a; € R (for j = 0,...,¢ — 1) are the coefficients of an extrapolation for-

mula of order q. When the convective term is handled by the explicit form (3.47)
the Yosida method can be used to solve (3.46), (3.47) and the analysis can be eas-
ily extended provided that N(u?{_QH, Coufguytt) - ./\/'(ﬁ%_qﬂ, Lt s
bounded. Otherwise, when the convective term is treated by the semi-implicit form

(3.48) the counterpart of (3.6) reads as follows: for n =nyg,..., Ny — 1 solve

(3.49)

_ N . ~ ~ 1 ol ~
(ﬁAth + Cu({0 }‘;:é)) LS R VD DA
=0

BU™! — (—B(C,({U"7}12))) ' BT - SQ)P"H! = Fyt,

where C,,({U"7}920) = St MK +N (U941 U™), and N(U 7+ U")
is the matrix related to the discretization of the convective term. It is immediate to
see that matrix ¥ is now time-dependent and both the derivation and analysis of
Yosida schemes cannot be easily extended starting from the Stokes case.

Nevertheless, many numerical results presented in [8, 7] show that the convergence
orders proved in Theorem 3.7 for the Stokes case still hold for Navier—Stokes equations
with semi-implicit treatment of the convective term.

4. Numerical results on time-dependent Stokes equations. We consider
the computational domain Q2 = (—1,1)? and ¢ € (0, 1), while the right-hand side, the
boundary conditions, and the initial conditions are set so that the exact solution is

u(z,y,t) = [(t + 1) sin(x) sin((¢t + 1)y), cos(z) cos((t + 1)y)]7,

(4.1) p(x,y,t) = cos(z) sin((t + 1)y).

In Figure 4.1 we report the splitting errors (3.24) obtained by using either BDF1
or BDF2. In Figure 4.2 we show the global errors (3.23) for p = 0,1,2 by using

Splitting errors for the velocity

Splitting errors for the pressure
S

. —e—Yosida2 - | ——Yosida2
10 —=—Yosida3 10 —=—Yosida3
s —+—Yosida4 3 —+—Yosida4
. 10 o’ 107" o 10 o’ 10"
Al At

Fi1G. 4.1. Splitting errors (3.24) for the exact solution (4.1). Black symbols refer to runs with
BDF1, while empty symbols refer to runs with BDF2. v = 1073, N = 16, and h = 2 (one spectral el-
ement). The convergence history of Yosida-4 is stopped by the spectral element method discretization
error.
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| | |

10 e BDF4+YosidaZ e~ BDF4+Yosida2
=0l —+ BDF4+Yosida3|] 1o —+—BDF4+Yosida3|

- ——BDF4+Yosida4| —»—BDF4+Yosida4|

10 1 _12,
. . 10 : :
4 3 =) | 4 3 = |
10 10 10 10 10 10 10 10
At At

FIG. 4.2. Global errors (3.23) for the exact solution (4.1). v =10"3, N =16, and h =1 (2 x 2
spectral elements). The convergence history of BDFA+ Yosida-4 is stopped by both spectral element
method discretization and rounding errors. The splitting errors prevail over the errors due to BDF4.

o1
T
~1
2l
=~ >
al
iy
<=1
I | |
] 10 —o—BDF2+Yosida2) —e—BDF2+Yosida2|
107"} ——BDF3+Yosida3}| 107k —+—BDF3+Yosida3||
i ——BDF4+Yosida4 ——BDF4+Yosida4|
10 1 12
‘ ‘ 10 ‘ ‘
4 -3 > -1 4 -3 > -1
10 10 10 10 10 10 10 10
At At

Fi1G. 4.3. Global errors (3.23) for the exact solution (4.1). v =1073, N =16, and H =1 (2x 2
spectral elements). The convergence history of BDF4 + Yosida-4 is stopped by both spectral element
method discretization and rounding errors. The splitting errors due to Yosida-(p + 2) schemes are
of the same order as those produced by BDFp.

BDF4 time approximation; finally in Figure 4.3 we show the global errors (3.23) for
p=20,1,2 by using BDF¢q time approximation, with ¢ = p + 2.

Even if Theorem 3.7 ensures that the splitting errors (3.24) behave like AtP+3/2
for the velocity and AtP*! for the pressure, numerical results on the solution (4.1)
provide that the splitting errors of Yosida-(p + 2) schemes behave like AtP*+2 for the
velocity and like AtP*3/2 for the pressure for both BDF1 and BDF2. Global errors
depend on convergence order of both BDF and Yosida-(p + 2) schemes; in particular
for the results of Figure 4.2 we have used BDF4, so that, for p = 0, 1, 2, splitting errors
prevail over the error of BDF. For the results of Figure 4.3 we have coupled Yosida-2
with BDF2, Yosida-3 with BDF3, and Yosida-4 with BDF4 and have obtained a
global approximation error of order p+ 2 = ¢ for the velocity and of order p + 3/2 for
the pressure. We refer to [8, 7, 15] for numerical results about the approximation of
Navier—Stokes equations.
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