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A step back: FEM

h-FEM: fixed low degree
refinement in h
(simplices and quads)
One parameter:

h =mesh size

(the same on quads)

p-FEM: fixed h
refinement in p
(simplices and quads)
One parameter:
p =pol. degree
(the same on quads)

hp-FEM: refinement in both h and p (simplices and quads)

Two parameters: p = pol. degree ()
h = mesh size (=elements diameter) (\, 0)
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FEM: features

1. Low polynomial degree p (tipically p =1 or p = 2),
2. Lagrangian basis functions p;(x) related to the nodes of
the mesh,

3. local support basis functions,

4. integrals are computed “exactly” or almost-exactly (with
high-order degree quadrature formulas)
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Spectral Methods

Gottlieb & Orszag (1977),
Canuto, Hussaini, Quarteroni, & Zang (1988),
Bernardi & Maday (1992)

Spectral Methods: one quad element €2 and global support of the polynomial
basis functions on €.
One parameter: p = polynomial degree ()
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Spectral Element Methods

Patera (1984)

Spectral Element Methods: conformal partition of quads in €,
global C° basis functions (local polynomials) with local support.

Two parameters: p = pol. degree ()
h = mesh size (=elements diameter) (™, 0)
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Spectral /hp

Patera (1984) for SEM on quads,
Dubiner (1991), Sherwin & Karniadakis (1995) for SEM on simplices

spectral/hp conformal partition of quads/simplices in Q,
global C° basis functions (local polynomials) with local support.
Two parameters: p = pol. degree ()
h = mesh size (=elements diameter) (\, 0)
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Spectral Element Methods (SEM) on quads

Strong points (of the most used form nowadays: SEM-GNI)
1. Moderate/high polynomial degree;
2. local support basis functions, but typically wider elements
than in FEM;
3. Lagrangian basis functions related to the Legendre Gauss
Lobatto (LGL) nodes in each element;

4. exact and almost-exact integration are too expensive, then
LGL quadrature formulas are used. The quadrature nodes
coincide with the nodes associated with the dof's. (Very
cheap approach).

(SEM-GNI = Galerkin with Numerical Integration);

5. the mass matrix is diagonal (consequence of the previous
choice);

6. tensorial structure of the basis functions in RY (with d >2)
= high computational efficiency

Nl
UNIVERSITA
DEGLI STUDI

7 DI BRESCIA

Paola Gervasio - DICATAM - unibs.it



Tensorization and remapping of LGL nodes
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Finite dimensional spaces

Set 0 = (h, p),

={veC%Q): viT, = Vo, L with v € Qp, YTk € Th}

Vs=XsNV
If a(u,v) = / uVu- Vv +/ ouv, then the discrete bilinear form
reads: ? ¢
as(u, v) ZM xq)Vu(xq)Vv(xq)wq +Z 0 (xq)u(xq)v(xq)wq

q q
while the discrete functional is

= Z f(xq)v(xq)wq
q

The LGL quadrature nodes x4 coincide with the nodes associated i
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Convergence analysis for SEM-GNI

Tus € Vs . 35(U5, V5) = (f, V5)57Q Vvs € Vs

us converges with spectral accuracy (with respect to p) to the exact
solution when the latter and f are smooth:

lu— usllingey < C)( ™) (1) ullecay
+hmne) (1))
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Convergence rate

1. s, rlarge (s,r > p)

= usllingay < €02 (2) Nullacay + 2 (2) 1Fll)
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