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1-dimensional P2 fem

Mesh. Let Th be a partition of Ω = (xa, xb) in Ne intervals:

Th = {Tk , k = 1, . . . ,Ne : Tk are dsjoint and ∪kTk = Ω}

Finite elements space. Set

X 2
h = {v ∈ C 0(Ω) : v |Tk

∈ P2, ∀Tk ∈ Th} and Vh = X 2
h ∩ V .

Basis. Lagrangian quadratic piece-wise functions:

Tk Tk+1Tk−1

ϕ2k−1 ϕ2k ϕ2k+1

x2k−1 x2k x2k+1

In each element Tk , consider the midpoint and define 3 Lagrangian basis
functions of degree 2.
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Total number of points: Nh = 2Ne + 1.
Total number of basis functions: Nh.



P2 fem
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The basis functions on the reference element are:

ϕ̂1(x̂) = 2(x̂ − 1)(x̂ − 0.5) ϕ̂2(x̂) = 4x̂(1− x̂) ϕ̂3(x̂) = 2x̂(x̂ − 0.5)

P2 3 ϕ̂j(x̂i ) = δij (Lagrangian basis functions)

Tk

ϕ2k+1

x2kx2k−1 x2k+1T̂

ϕ̂1

10

ϕ2k−1 ϕ2kϕ̂3ϕ̂2

Local Mass matrix:

M(k) =
hk
30

[
4 2 −1
2 16 2
−1 2 4

]

M
(k)
ij =

∫
Tk

ϕjϕi

Local Stiffness matrix:

K (k) =
1

3hk

[
7 −8 1
−8 16 −8
1 −8 7

]

K
(k)
ij =

∫
Tk

ϕ′
jϕ

′
i



Lagrange composite interpolation of degree r
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Let Th be a partition of Ω = (xa, xb) in Ne intervals:

Th = {Tk , k = 1, . . . ,Ne : Tk are dsjoint and ∪kTk = Ω}

In each element add (r − 1) internal (and equispaced) points.
Nh = total number of points in Ω.

The piece-wise Lagrange interpolation of u of degree r is the (unique)
function Πr

hu(x) s.t.:

1. Πr
hu(x) ∈ C 0(Ω)

(global continuity)

2. Πr
hu|Tk

∈ Pr , ∀Tk

(local polynomial of degree r)

3. Πr
hu(xk) = u(xk) for k = 1, . . . ,Nh

(interpolation conditions)
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Interpolation estimates for local degree r ≥ 1

Theorem. Let Ω = (a, b) and s > 1
2 . If u ∈ Hs+1(Ω), then

‖u − Πr
hu‖H1(Ω) ≤ Chmin(s,r)‖u‖Hs+1(Ω)

‖u − Πr
hu‖L2(Ω) ≤ Chmin(s,r)+1‖u‖Hs+1(Ω)
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Error estimates for Pr fem (with r ≥ 1)

1d, 2nd-order elliptic PDE

Theorem. If u is the exact solution and uh is the Pr fem solution

‖u − uh‖H1(Ω) ≤ C
M

α
hmin(s,r)‖u‖Hs+1(Ω)

‖u − uh‖L2(Ω) ≤ C
M

α
hmin(s,r)+1‖u‖Hs+1(Ω)

r u ∈ Hs+1(Ω) u ∈ H2(Ω) u ∈ H3(Ω) u ∈ H4(Ω) u ∈ H5(Ω)
s ∈ [1/2, 1)

1 hs h1 h1 h1 h1

2 hs h1 h2 h2 h2

3 hs h1 h2 h3 h3

4 hs h1 h2 h3 h4

6
Paola Gervasio - DICATAM - unibs.it


