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1-dimensional P, fem

Mesh. Let Ty, be a partition of Q = (xa,xp) in N, intervals:
Th={Ti,k=1,..., N : Ty are dsjoint and U, Ty = Q}

Finite elements space. Set
XE={vel’(Q): vlr,€Py, VTx€Tyt and V,=XZNV.

Basis. Lagrangian quadratic piece-wise functions:

P2k-1 P2k P2k+1
! ! Total number of points: Np = 2Ne + 1.
! ! Total number of basis functions: Np.
i\/‘ ‘
Xok—1 X2k X2k+1
Tk-1 Tk Tk

In each element T, consider the midpoint and define 3 Lagrangian basi/
functions of degree 2.
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PQ fem

The basis functions on the reference element are:

$1(%) = 2(% — 1)(% — 0.5)

$a(%) =4%(1—%)  ¢3(%) =2%(% - 0.5)

P, 5 ¢;j(Xi) = d; (Lagrangian basis functions)

&1 ¥2 P3

0

~>

Local Mass matrix:

[ 4 2 -1
MW =K1 2 16 2
30 1 2 4

k
Mi(j ) =/ PjPi
T

P2k-1 P2k P2k+1

X2k—1 X2k X2k+1
Ty
Local Stiffness matrix:

0 1 7 -8 1
KYW=—| -8 16 -8
1 -8 7

UNIVERSITA
DEGLI STUDI
3 DI BRESCIA

Paola Gervasio - DICATAM - unibs.it



Lagrange composite interpolation of degree r

Let T be a partition of Q = (xa,xp) in N, intervals:
={Tk,k=1,...,Ng: Ty are dsjoint and Uy Ty =§}

In each element add (r — 1) internal (and equispaced) points.
N, = total number of points in €.

The piece-wise Lagrange interpolation of u of degree ris the (unlque)
function M} u(x) s.t.: )

()
1 HZU(X) c CO(Q) sl interpolation
(global continuity)

2. |_|2u|7-k eP,, VTk > 0
(local polynomial of degree r) \_/
3. Mpu(xk) = u(xk) for k =1,..., N o8y I
(interpolation conditions)

0 05 1 15 2/
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Interpolation estimates for local degree r > 1

Theorem. Let Q = (a,b) and s > . If u € Ht1(Q), then
lu = Mhull @) < CH™Cul|psia g

lu = Myull2q) < CA™E 4] i)
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Error estimates for P, fem (with r > 1)

1d, 2nd-order elliptic PDE

Theorem. If u is the exact solution and uy is the P, fem solution

lu = tnllp() < C— hm'”(”)IIUIIHs+1)

M.
[ = unll2(@) < C— hm'"(s"”ll\UIIle(m

r ue HSTYQ) wueH*(Q) ueH3(Q) wueHYQ) ue H(Q)

se[1/2,1)
1 h® Al AT AT
2 hs ht h? h?
3 hs ht h? B3
4 hs pt h? n3
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