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d = 1, Advection Diffusion: fem_1d_adsolver.m

help fem_1d_adsolver
fem_1d_adsolver: solve -mu u’’+bu’+sigma u=f in Omega
with Dirichlet and/or Neumann boundary conditions
by either Pl-fem or P2-fem on a uniform grid.

[nodes ,uh]=fem_1d_adsolver (geom,problem_data,p,Ne)
[nodes ,uh]=fem_1d_adsolver (geom,problem_data,p,Ne,degree)

Input: geom: struct with fields:

Output: nodes = column array with the nodes of the mesh
uh = column array of the numerical solution
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Problem 1 (1d Advection Diffusion (AD))

Solve the AD problem

u(0) =0, u(l)=1.
(with ¢ =1, 0.1, 0.02 and b= 1) by FEM-P; and FEM-PP,. Take
Ne = 10, 20, 30, 40, 80, 160, 320.
1. Compute the Péclet number Pe = ﬁg and verify that the
numerical solution does not show oscillations when Pe < 1.

2. The exact solution of the equation is
exb/n 1
u(x) = .
Verify that the error |[u — up||y1(q) converges linearly to zero
for Py —fem and quadratically for P,—fem, provided that
Pe < 1.

{ —pu” + bu' =0 in Q=(0,1)
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Problem 2 (1d Advection Diffusion (AD))

Solve the problem

—pu" + b =0 in Q=(0,1)
{ u(0) =0, u(l) =1.

(with © = 0.02 and b =1) by FEM-P; and FEM-P,, by using the
artificial diffusion method (i.e., replace p with up = p(1 + Pe))
Take Ne = 10, 20, 30, 40, 80, 160, 320.

1. Verify that spurious oscillations are missing for eany value of

h, even when Pe > 1.

2. The exact solution is
exb/m 1
T
verify that the error |[u — up|[11(q) converges linearly to zero
both for P; —fem and P,—fem e

u(x) =
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Problem 3

Solve the problem

—puAu+b-Vu+ou=f inQ=(0,1)>
u=gp on 0f)

where 4 =103, b=[1,1]", 0 =0, f =1, gp = 0.
1. Set 6 = 0 (classical Galerkin), and compute the numerical
solution with h = 1/20 and h = 1/80.

2. set 0 = 1 and compute the numerical solution with h =1/20
and h=1/80.
3. Repeat the work with ;1 = 107> instead of y = 1073.
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Advection Diffusion Reaction, d = 2

FEM 2D AD Computes the GaLS-FEM-P1 approximation of
-mu Delta u+ b . nabla u +sigma u=f in Omega (2D domain)
u=g_D Dirichlet conditions on the boundary.

oo oo o oo oo

GaLS=Galerkin-Least-Squares stabilization
[u,FEM]=fem_2d_ad (model ,problem_data,parameters)

Input:
model = model object generated by MATLAB (it must contain
field model.Mesh)
problem_data = struct with fields:
.mu = coefficient (constant) of 2nd order term
.b = velocity field (constant) of 1st order term
Output
u = numerical solution

FEM = struct with fields:
% matrix AO, (1, j) non-dirichlet
.Fc: % rhs f0, (i) non—dirichlet

\<777/v‘
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Galerkin Least Squares GalS stabilization

GalLS formulation: find up € V), :

a(uh,vh)+Z/ Lup ¢ LVh:F(Vh)+Z/ f i Lvy Vv, € V,
k T«

Kk 7Tk

with 7, = 5% stabilization parameter § > 0.
1. Because Lu = f, (u is the exact solution), we have

Z/ Lu 7y Lvh:Z/ f mi Lvy Vv € V), this
PRl Kk Tk

method is strongly consistent, meaning that the exact solution
satisfies the discrete equation exactly.

2. For each v, € X}, (the space IP1), because p is costant, it
holds —V - (#Vvy) =0, thus

/ Lup 74 LVh:/ (b'VUh—I-O'Uh)Tk(b‘VVh-i-O'Vh).
Ty T

3. If 6 =0, GaLS reduces to classical Galerkin method. BE‘ést’%?'Jé‘.
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Solution of Problem 3

model=createpde; & build the model

o)

% build the geometry
Qi=(3,4, 0,1,1,0, 0,0,1,1]";

gd=[Q1];
ns=(char (’Q1°))’;
sf="Q17;

g=decsg(gd,sf ,ns);

geometryFromEdges (model, g);

% build the mesh

generateMesh (model, ’Hmax’,1/20, ...

’GeometricOrder’,’linear’);

set problem_data and parameters

call fem_2d_ad

[ul=fem_2d_ad (model ,problem_data,parameters);

% plot the solution

pdeplot (model,’XYData’,u,’ZData’,u, ...
’Contour’,’on’,’Mesh’,’on’)

oo o
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Description of the output struct FEM

Let us consider the problem

Lu=—pAu+b-Vut+ou=1Ff inQ
u=gp on 022

with constant u > 0, constant b, constant ¢ > 0.

The weak form reads: find v = ug + Rgp, where:
— up is the homogeneous part of u

w € H3(Q) . a(u,v) = F(v) Vv e H3(Q)
with

a(u,v)=/§2uVu-Vv+/Q(b-Vu)v+/Qauv, F(v)=/va

— while Rgp € HY(Q) is the lifting of gp, i.e., Rgp = gp on 9.
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We recall that, for FEM-P{, we have:

{VECO( ): vlT, €P1, VT € Th}

h

while the Lagranglan basis is = {¢;};2; (including the basis
functions associated with the Dirichlet nodes). Set:

I:{1,2,...,Nh}, ID:{iGIZ X,‘G@QD}, IOZI\ID
The numerical solution is

Np,
x) =Y uigi(x) = > uigi(x)+ > ujpi(x)
j=1

Jj€lo J€Ip

uo,h Rep,n

with discrete lifting

gp(x;) ifx; € 0Qp
Rep h(xi) = { 0 otherwise. £ ai)
&
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Set

A matrix: Ajj = a(yj, ¢i) with i,j € Z,
Ap the block of A with /,j € 7y,

Ap the block of Awith i € Zg e j € Ip,
f array: f; = F(p;) with i € Z,

fo block of f with i € T,

gp block of gp(x;) with i € Zp,

ug = [uj]jez,. non-Dirichlet dof,
® up = [ujjez,, Dirichlet dof.

The algebraic formulation of the discrete Galerkin problem reads:

Ao Ap u | | fo < I € Iy non-Dirichlet nodes
0o up | | gp + i € Ip Dirichlet nodes

&
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We have
up =gp, Aoug+ Apup ="y
and
Aoug = fo — Apgp.

Finally, we reconstruct

=[5 ][]

@ FEM.Kc contains the matrix Ag
@ FEM.Fc contains the array fo — Apgp
uo

@ FEM.B contains the matrix B s.t. Bug = 0

@ FEM.ud contains the array [ uO }
D

To compute u:

u0=FEM.Kc\FEM.Fc; % solve FEM.Kc ul = FEM.Fc
u=FEM.B*uO+FEM.ud; % reconstruct u
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