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@BA4C�DFE-G�HJI�K#LMANAPORQS@UTWV�X�Y>Z\[^]_LM[a`#]_Z�[bLMAW]_L>cd]_Z:K#LMANAfegL>chLMi_YMjNk>jlZ:[
◦ m L>K�X�jNAWnoO%AlZ\i_L�K#LMANAfepO\K#K#LM[bK#Z�Y>Zocd]hO%[a]_L

YhqbL�Y>Z\r�s+O%i_L�[bLMANAPO�K#L7tb[#jNk>jlZ\[bL�K#LMANAPOvu/`#[#k>jlZ\[bL
g wx 0/.2 y�

�,z { O'|
dom f = R \ {0} } [bZ\[~YMjWc_Z\[bZ�cdjNr�rRLM]didjlL w

{2� |
lim

x→−∞

f(x) = −∞ � lim
x→+∞

f(x) = +∞ w lim
x→0±

f(x) = 2 w C�Z\[)YMj�chZ\[bZ�O\cdjN[a]_Z\]dj�n'LMid]djlY�O%ANj � [b�
O\cdjN[^]_Z\]dj�Z\idjNk>k�Z\[^]hO%ANj � [b��O\cdjN[^]_Z\]dj4Z � ANjl�a`#j w

{ Y�|
f ′(x) = 8 + log |x| } dom f ′ = dom f w

{ K+|
f
c_]di_LM]d]hO%rRLM[^]_L�YMi_L>chY>LM[^]_L�jN[

(−∞,−e−8)∪(e−8,+∞) � f c_]di_LM]d]hO%rRLM[^]_L�K#L>YMi_L>chY>LM[^]_L�jN[ (−e−8, 0)∪
(0, e−8) � x = −e−8

s#`#[a]_Z�K�j�r:O\c_c_jNrRZ�i_LMAPO%]djNn'Z � x = e−8
s#`#[^]_Z)K�j�r�jN[#jNrRZ�i_LMAPO%]djNn'Z w C�Z\[L>cdjlcd]_Z\[bZ�s#`#[a]dj4K�j4L>cd]di_LMrRZ:O\chc_Z\AN`#]_Z�jN[~�a`+O%[bK#Z

f
X�jNANANjNr�jN]hO%]hO w

{ L�|
f ′′(x) =

1

x
� f

X�cd]di_LM]d]hO%rRLM[^]_L�Y>Z\[bY�O�n\O-jN[
(−∞, 0) � f

X�c_]di_LM]d]hO%rRLM[^]_L�Y>Z\[^n'L>chchO�jN[
(0,+∞) wCFZ\[~L>c_jlcd]_Z\[bZ�s#`#[^]dj�K�j��+L>c_c_Z w

(
z
supA = 4 � @ maxA � inf A = minA = 3 + e−1 w

� z YMjNi_Y>Z\[�u/LMi_LM[#k�O:K�j4L>�^`+O%k>jlZ\[bL
3x2 + 3y2 + 28y = 0 w
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α = 1 � O%ANAlZ\ihO f
X�Y>Z\[^]djN[a`+ORjN[

x = 0 � O%AN]didjNrRLM[^]dj x = 0
X�`#[�s#`#[a]_Z:K�j�K�jlc_Y>Z\[^]djN[a`#jN]h�:LMANjNr�jN[+O � jNAlL w@�[bZ\AN]di_L

f
[bZ\[�X�K#LMidjNnoO � jNAlL�jN[

x = 0
s�LMi5O%AlYM`#[�noO%AlZ\i_L�K�j

α w x = 0
X�`#[�s#`#[^]_Z:Ov]hO%[#�'LM[#k�ORn'LMid]djlY�O%AlL w

x 0/.2 �(

�,z { O'|
dom f = R \ {0} } [bZ\[~YMjWc_Z\[bZ�cdjNr�rRLM]didjlL w

{2� |
lim

x→−∞

f(x) = −∞ � lim
x→+∞

f(x) = +∞ w lim
x→0±

f(x) = 4 w C�Z\[)YMj�chZ\[bZ�O\cdjN[a]_Z\]dj�n'LMid]djlY�O%ANj � [b�
O\cdjN[^]_Z\]dj�Z\idjNk>k�Z\[^]hO%ANj � [b��O\cdjN[^]_Z\]dj4Z � ANjl�a`#j w

{ Y�|
f ′(x) = 7 + log |x| } dom f ′ = dom f w

{ K+|
f
c_]di_LM]d]hO%rRLM[^]_L�YMi_L>chY>LM[^]_L�jN[

(−∞,−e−7)∪(e−7,+∞) � f c_]di_LM]d]hO%rRLM[^]_L�K#L>YMi_L>chY>LM[^]_L�jN[ (−e−7, 0)∪
(0, e−7) � x = −e−7

s#`#[a]_Z�K�j�r:O\c_c_jNrRZ�i_LMAPO%]djNn'Z � x = e−7
s#`#[^]_Z)K�j�r�jN[#jNrRZ�i_LMAPO%]djNn'Z w C�Z\[L>cdjlcd]_Z\[bZ�s#`#[a]dj4K�j4L>cd]di_LMrRZ:O\chc_Z\AN`#]_Z�jN[~�a`+O%[bK#Z

f
X�jNANANjNr�jN]hO%]hO w

{ L�|
f ′′(x) =

1

x
� f

X�cd]di_LM]d]hO%rRLM[^]_L�Y>Z\[bY�O�n\O-jN[
(−∞, 0) � f

X�c_]di_LM]d]hO%rRLM[^]_L�Y>Z\[^n'L>chchO�jN[
(0,+∞) wCFZ\[~L>c_jlcd]_Z\[bZ�s#`#[^]dj�K�j��+L>c_c_Z w

(
z
supA = 6 � @ maxA � inf A = minA = 5 + e−1 w

� z YMjNi_Y>Z\[�u/LMi_LM[#k�O:K�j4L>�^`+O%k>jlZ\[bL
3x2 + 3y2 + 24y = 0 w

� z
z1,2 = −3i � z3 =

√
3

2
+

i

2
� z4 = −

√
3

2
+

i

2
� z5 = −i w

� z 3

log 5
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� z�� L

α = 2 � O%ANAlZ\ihO f
X�Y>Z\[^]djN[a`+ORjN[

x = 0 � O%AN]didjNrRLM[^]dj x = 0
X�`#[�s#`#[a]_Z:K�j�K�jlc_Y>Z\[^]djN[a`#jN]h�:LMANjNr�jN[+O � jNAlL w@�[bZ\AN]di_L

f
[bZ\[�X�K#LMidjNnoO � jNAlL�jN[

x = 0
s�LMi5O%AlYM`#[�noO%AlZ\i_L�K�j

α w x = 0
X�`#[�s#`#[^]_Z:Ov]hO%[#�'LM[#k�ORn'LMid]djlY�O%AlL w

x 0/.2 �

�,z { O'|
dom f = R \ {0} } [bZ\[~YMjWc_Z\[bZ�cdjNr�rRLM]didjlL w

{2� |
lim

x→−∞

f(x) = −∞ � lim
x→+∞

f(x) = +∞ w lim
x→0±

f(x) = 6 w C�Z\[)YMj�chZ\[bZ�O\cdjN[a]_Z\]dj�n'LMid]djlY�O%ANj � [b�
O\cdjN[^]_Z\]dj�Z\idjNk>k�Z\[^]hO%ANj � [b��O\cdjN[^]_Z\]dj4Z � ANjl�a`#j w

{ Y�|
f ′(x) = 6 + log |x| } dom f ′ = dom f w

{ K+|
f
c_]di_LM]d]hO%rRLM[^]_L�YMi_L>chY>LM[^]_L�jN[

(−∞,−e−6)∪(e−6,+∞) � f c_]di_LM]d]hO%rRLM[^]_L�K#L>YMi_L>chY>LM[^]_L�jN[ (−e−6, 0)∪
(0, e−6) � x = −e−6

s#`#[a]_Z�K�j�r:O\c_c_jNrRZ�i_LMAPO%]djNn'Z � x = e−6
s#`#[^]_Z)K�j�r�jN[#jNrRZ�i_LMAPO%]djNn'Z w C�Z\[L>cdjlcd]_Z\[bZ�s#`#[a]dj4K�j4L>cd]di_LMrRZ:O\chc_Z\AN`#]_Z�jN[~�a`+O%[bK#Z

f
X�jNANANjNr�jN]hO%]hO w

{ L�|
f ′′(x) =

1

x
� f

X�cd]di_LM]d]hO%rRLM[^]_L�Y>Z\[bY�O�n\O-jN[
(−∞, 0) � f

X�c_]di_LM]d]hO%rRLM[^]_L�Y>Z\[^n'L>chchO�jN[
(0,+∞) wCFZ\[~L>c_jlcd]_Z\[bZ�s#`#[^]dj�K�j��+L>c_c_Z w

(
z
supA = 8 � @ maxA � inf A = minA = 7 + e−1 w

� z YMjNi_Y>Z\[�u/LMi_LM[#k�O:K�j4L>�^`+O%k>jlZ\[bL
3x2 + 3y2 + 20y = 0 w

� z
z1,2 = −4i � z3 =

√
3

2
+

i

2
� z4 = −

√
3

2
+

i

2
� z5 = −i w

� z 5

log 7
w

� z
e−

1

4 w
� z�� L

α = 3 � O%ANAlZ\ihO f
X�Y>Z\[^]djN[a`+ORjN[

x = 0 � O%AN]didjNrRLM[^]dj x = 0
X�`#[�s#`#[a]_Z:K�j�K�jlc_Y>Z\[^]djN[a`#jN]h�:LMANjNr�jN[+O � jNAlL w@�[bZ\AN]di_L

f
[bZ\[�X�K#LMidjNnoO � jNAlL�jN[

x = 0
s�LMi5O%AlYM`#[�noO%AlZ\i_L�K�j

α w x = 0
X�`#[�s#`#[^]_Z:Ov]hO%[#�'LM[#k�ORn'LMid]djlY�O%AlL w

x 0/.2 �

�,z { O'|
dom f = R \ {0} } [bZ\[~YMjWc_Z\[bZ�cdjNr�rRLM]didjlL w

{2� |
lim

x→−∞

f(x) = −∞ � lim
x→+∞

f(x) = +∞ w lim
x→0±

f(x) = 8 w C�Z\[)YMj�chZ\[bZ�O\cdjN[a]_Z\]dj�n'LMid]djlY�O%ANj � [b�
O\cdjN[^]_Z\]dj�Z\idjNk>k�Z\[^]hO%ANj � [b��O\cdjN[^]_Z\]dj4Z � ANjl�a`#j w

{ Y�|
f ′(x) = 5 + log |x| } dom f ′ = dom f w

{ K+|
f
c_]di_LM]d]hO%rRLM[^]_L�YMi_L>chY>LM[^]_L�jN[

(−∞,−e−5)∪(e−5,+∞) � f c_]di_LM]d]hO%rRLM[^]_L�K#L>YMi_L>chY>LM[^]_L�jN[ (−e−5, 0)∪
(0, e−5) � x = −e−5

s#`#[a]_Z�K�j�r:O\c_c_jNrRZ�i_LMAPO%]djNn'Z � x = e−5
s#`#[^]_Z)K�j�r�jN[#jNrRZ�i_LMAPO%]djNn'Z w C�Z\[L>cdjlcd]_Z\[bZ�s#`#[a]dj4K�j4L>cd]di_LMrRZ:O\chc_Z\AN`#]_Z�jN[~�a`+O%[bK#Z

f
X�jNANANjNr�jN]hO%]hO w

{ L�|
f ′′(x) =

1

x
� f

X�cd]di_LM]d]hO%rRLM[^]_L�Y>Z\[bY�O�n\O-jN[
(−∞, 0) � f

X�c_]di_LM]d]hO%rRLM[^]_L�Y>Z\[^n'L>chchO�jN[
(0,+∞) wCFZ\[~L>c_jlcd]_Z\[bZ�s#`#[^]dj�K�j��+L>c_c_Z w

(
z
supA = 10 � @ maxA � inf A = minA = 9 + e−1 w

� z YMjNi_Y>Z\[�u/LMi_LM[#k�O:K�j4L>�^`+O%k>jlZ\[bL
3x2 + 3y2 + 16y = 0 w

� z
z1,2 = −5i � z3 =

√
3

2
+
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2
� z4 = −

√
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+

i

2
� z5 = −i w
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log 9
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α = 4 � O%ANAlZ\ihO f
X�Y>Z\[^]djN[a`+ORjN[

x = 0 � O%AN]didjNrRLM[^]dj x = 0
X�`#[�s#`#[a]_Z:K�j�K�jlc_Y>Z\[^]djN[a`#jN]h�:LMANjNr�jN[+O � jNAlL w@�[bZ\AN]di_L

f
[bZ\[�X�K#LMidjNnoO � jNAlL�jN[

x = 0
s�LMi5O%AlYM`#[�noO%AlZ\i_L�K�j

α w x = 0
X�`#[�s#`#[^]_Z:Ov]hO%[#�'LM[#k�ORn'LMid]djlY�O%AlL w

x 0/.2 �

�,z { O'|
dom f = R \ {0} } [bZ\[~YMjWc_Z\[bZ�cdjNr�rRLM]didjlL w

{2� |
lim

x→−∞

f(x) = −∞ � lim
x→+∞

f(x) = +∞ w lim
x→0±

f(x) = 10 w CFZ\[!YMj�chZ\[bZ�O\cdjN[^]_Z\]dj�n'LMid]djlY�O%ANj � [b�
O\cdjN[^]_Z\]dj�Z\idjNk>k�Z\[^]hO%ANj � [b��O\cdjN[^]_Z\]dj4Z � ANjl�a`#j w

{ Y�|
f ′(x) = 4 + log |x| } dom f ′ = dom f w

{ K+|
f
c_]di_LM]d]hO%rRLM[^]_L�YMi_L>chY>LM[^]_L�jN[

(−∞,−e−4)∪(e−4,+∞) � f c_]di_LM]d]hO%rRLM[^]_L�K#L>YMi_L>chY>LM[^]_L�jN[ (−e−4, 0)∪
(0, e−4) � x = −e−4

s#`#[a]_Z�K�j�r:O\c_c_jNrRZ�i_LMAPO%]djNn'Z � x = e−4
s#`#[^]_Z)K�j�r�jN[#jNrRZ�i_LMAPO%]djNn'Z w C�Z\[L>cdjlcd]_Z\[bZ�s#`#[a]dj4K�j4L>cd]di_LMrRZ:O\chc_Z\AN`#]_Z�jN[~�a`+O%[bK#Z

f
X�jNANANjNr�jN]hO%]hO w

{ L�|
f ′′(x) =

1

x
� f

X�cd]di_LM]d]hO%rRLM[^]_L�Y>Z\[bY�O�n\O-jN[
(−∞, 0) � f

X�c_]di_LM]d]hO%rRLM[^]_L�Y>Z\[^n'L>chchO�jN[
(0,+∞) wCFZ\[~L>c_jlcd]_Z\[bZ�s#`#[^]dj�K�j��+L>c_c_Z w

(
z
supA = 12 � @ maxA � inf A = minA = 11 + e−1 w

� z YMjNi_Y>Z\[�u/LMi_LM[#k�O:K�j4L>�^`+O%k>jlZ\[bL
3x2 + 3y2 + 12y = 0 w

� z
z1,2 = −6i � z3 =

√
3

2
+

i

2
� z4 = −

√
3

2
+

i

2
� z5 = −i w

� z 9

log 11
w

� z
e−

1

6 w
� z�� L

α = 5 � O%ANAlZ\ihO f
X�Y>Z\[^]djN[a`+ORjN[

x = 0 � O%AN]didjNrRLM[^]dj x = 0
X�`#[�s#`#[a]_Z:K�j�K�jlc_Y>Z\[^]djN[a`#jN]h�:LMANjNr�jN[+O � jNAlL w@�[bZ\AN]di_L

f
[bZ\[�X�K#LMidjNnoO � jNAlL�jN[

x = 0
s�LMi5O%AlYM`#[�noO%AlZ\i_L�K�j

α w x = 0
X�`#[�s#`#[^]_Z:Ov]hO%[#�'LM[#k�ORn'LMid]djlY�O%AlL w

x 0/.2 �

�,z { O'|
dom f = R \ {0} } [bZ\[~YMjWc_Z\[bZ�cdjNr�rRLM]didjlL w

{2� |
lim

x→−∞

f(x) = −∞ � lim
x→+∞

f(x) = +∞ w lim
x→0±

f(x) = 12 w CFZ\[!YMj�chZ\[bZ�O\cdjN[^]_Z\]dj�n'LMid]djlY�O%ANj � [b�
O\cdjN[^]_Z\]dj�Z\idjNk>k�Z\[^]hO%ANj � [b��O\cdjN[^]_Z\]dj4Z � ANjl�a`#j w

{ Y�|
f ′(x) = 3 + log |x| } dom f ′ = dom f w

{ K+|
f
c_]di_LM]d]hO%rRLM[^]_L�YMi_L>chY>LM[^]_L�jN[

(−∞,−e−3)∪(e−3,+∞) � f c_]di_LM]d]hO%rRLM[^]_L�K#L>YMi_L>chY>LM[^]_L�jN[ (−e−3, 0)∪
(0, e−3) � x = −e−3

s#`#[a]_Z�K�j�r:O\c_c_jNrRZ�i_LMAPO%]djNn'Z � x = e−3
s#`#[^]_Z)K�j�r�jN[#jNrRZ�i_LMAPO%]djNn'Z w C�Z\[L>cdjlcd]_Z\[bZ�s#`#[a]dj4K�j4L>cd]di_LMrRZ:O\chc_Z\AN`#]_Z�jN[~�a`+O%[bK#Z

f
X�jNANANjNr�jN]hO%]hO w

{ L�|
f ′′(x) =

1

x
� f

X�cd]di_LM]d]hO%rRLM[^]_L�Y>Z\[bY�O�n\O-jN[
(−∞, 0) � f

X�c_]di_LM]d]hO%rRLM[^]_L�Y>Z\[^n'L>chchO�jN[
(0,+∞) wCFZ\[~L>c_jlcd]_Z\[bZ�s#`#[^]dj�K�j��+L>c_c_Z w

(
z
supA = 14 � @ maxA � inf A = minA = 13 + e−1 w

� z YMjNi_Y>Z\[�u/LMi_LM[#k�O:K�j4L>�^`+O%k>jlZ\[bL
3x2 + 3y2 + 8y = 0 w



� z
z1,2 = −7i � z3 =
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� z5 = −i w

� z 11
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α = 6 � O%ANAlZ\ihO f
X�Y>Z\[^]djN[a`+ORjN[

x = 0 � O%AN]didjNrRLM[^]dj x = 0
X�`#[�s#`#[a]_Z:K�j�K�jlc_Y>Z\[^]djN[a`#jN]h�:LMANjNr�jN[+O � jNAlL w@�[bZ\AN]di_L

f
[bZ\[�X�K#LMidjNnoO � jNAlL�jN[

x = 0
s�LMi5O%AlYM`#[�noO%AlZ\i_L�K�j

α w x = 0
X�`#[�s#`#[^]_Z:Ov]hO%[#�'LM[#k�ORn'LMid]djlY�O%AlL w


