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1 Introduction

The INTERNODES (INTERpolation for NOnconforming DEcompositionS)
method is an interpolation based approach to solve partial differential equations
on non-conforming discretizations [5, 9]. It is an alternative to projection-based
methods like mortar [1], or other interpolation-based method like GFEM/XFEM
[10]. Differently than in mortar methods, no cross-mass matrix involving basis
functions living on different grids of the interface are required by INTERNODES
to build the intergrid operators. Instead, two separate interface mass matrices
(separately on either interface) are used. The substantial difference between
GFEM/XFEM methods and INTERNODES consists in the fact that the former
ones use a partition of unity to enrich the finite element space, while the latter does
not add any shape function to those of the local finite element subspaces.

In this paper we apply the INTERNODES method to different problems such as
the Fluid Structure Interaction problem and the Stokes-Darcy coupled problem that
models the filtration of fluids in porous media. Our results highlight the flexibility
of the method as well as its optimal rate of convergence. Before addressing the two
specific problems above, we introduce an abstract formulation for heterogeneous
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problems. This will also be useful to state the definition of the interface matching
operators that will stand at the base of the INTERNODES method.

Let 2 ¢ R?, with d = 2, 3, be an open domain with Lipschitz boundary 952,
£21 and £2, be two non-overlapping subdomains with Lipschitz boundary such that
2 =02, U2y, and I' = 92 N 3£, be their common interface.

Given a function f defined in £2, we look for u in §£21 and u» in £2; such that

Li(ugp) = f in 2, k=1,2, ()
Dr(ur) = @1(uy) on I (Dirichlet-like condition), 2)
Yi(up)) + ¥ (w2) =0 onI' (Neumann-like condition), 3)
boundary conditions on 452, 4)

where L and L, are two differential operators (that may also coincide) while, for
k = 1,2, &, and ¥, are suitable boundary operators restricted to the interface
I, that depend upon the nature of the differential operators L; and L. More
specifically, Neumann conditions refer here to natural conditions that are enforced
weakly, whereas Dirichlet conditions identify those essential conditions that are
enforced directly in the solution subspaces, via the suitable choice of trial functions
(see, e.g., [13]). Typically for second order differential operators there is one
Dirichlet-like condition and one Neumann-like condition, however more general
situations are admissible.

Problem (1)—(4) provides an abstract setting for several kinds of differential
problems; here we present two instances of (1)-(4) which the INTERNODES
method is applied to.

2  Fluid Structure Interaction Problem

When modeling the coupling between fluids and solids, the viscous incompressible
Navier-Stokes equations are typically written in ALE (Arbitrarian Lagrangian
Eulerian) coordinates in the fluid domain, whereas an elasticity model (either linear
or nonlinear, depending on the type of structure) is solved in a reference frame; a
third field, the so-called geometry problem, allows to determine the displacement of
the fluid domain which defines, in turn, the ALE map, see, e.g., [4, 8, 15].

Let .Q and 2  be two non-overlapping reference configurations for the structure
and fluid domains, respectively, and r= 8.{2 NaL 1 be the fluid-structure reference
interface. We assume that the boundaries 8.Qk, fork = s, f are Llpschltz continuous
and that (32 \ I I") is the union of two nonoverlapping subsets 89,?’ and 8.QD on
which Neumann and Dirichlet boundary conditions will be imposed, respectively
Then, for any r € (0, T) let §2; ; and §2¢, i b be the computat10nal structure and fluid
domains, respectively, such that £2; 0 = .Qs, R0 = .Qf and 2, = Qs ;U .Qf,
The current configurations 25, and £2y, are defgled as /{Zk,, ={x=%.,X) =
X+ di(X, 1), VX € §k}, with k = s, f, where d; and d s are the displacements
induced by the dynamics (see Fig. 1).
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Fig. 1 At left: the ALE frame of reference. At right: the computational domains for the FSI
problem: the fluid domain §2 7, and the structure domain £2; ;. I'; = 0827, N 982, ;

We introduce the following entities:

— the outward unit normal vectors ng to 32k (current configuration) and ny to
0£2 (reference configuration),

— the Arbitrary-Lagrangian-Eulerian (ALE) velocity w = df %,

— the deformatlon gradlent tensor for both structure (k = s) and fluid (k = f)
F;, = —x =1+ %5 ad" for any X € 2,

— the ﬂu1d Veloc1ty u f and the fluid pressure p ¢, the dynamic viscosity of the fluid
w, the fluid density pr,

— the Cauchy stress tensor for the fluid o f = o r(uy, pr) = —prI+ pn(Vur +
(Vuf)T) and o  such that ¢ j/ny = det (Ff)F_Torfnf o Dfs,

— the Cauchy stress tensor oy = 0 s(ds) and the first Piola-Kirchhoff tensor oy =
oy (ds) =det(Fy)og (ds)F T for the structure, the structure density py.

Then, for any ¢t € (0, T') the structure and fluid displacements (ds and d f) and
the fluid velocity and pressures (uy and p ) are the solution of the FSI system:

structure problem (in reference configuration)

9%d . Py
5z — VG =0 in2, (5
fluid problem (in current configuration)
ou .
,Ofa—tfi-l-,of((uf—w)-V)uf—V-af=0, in 2y, (6)
V-our=0 in2ys., (7)
geometry problem (in reference configuration)
—Ady =0 in2r, (8)
interface conditions (at interface in reference configuration)
on; +omy=0 (dynamic) on I, 9)
od, o -
uro%ys, = T (kinematic) on ", (10)

d f= d (adherence) on r , (11
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completed with: the Dirichlet boundary conditions uy = g]Dp on F]?t and ﬁf = ggD

-~

on 1/“\]9 C Bﬁf, d, = gP on st, the Neumann conditions ¢ fny,; = g? on F;Vt,

ad,
5 = di

o,n; =gV on fSN , and the initial conditions uy = up in 2, d, = dy,
n 25 0.

System (5)—(11) can be recast in the form (1)—(4) by associating the structure
problem with L{(u1) (now representing nonlinear operators, the choices of u
and u, are obvious), the fluid problem and the geometric problem with L;(u2),
both the adherence and the kinematic interface conditions are interpreted as @-
like conditions (they involve the traces of the unknowns functions on '), whereas
the dynamic interface condition is interpreted as a ¥-like condition (as it involves
normal stresses on ).

3 Fluids Filtration in Porous Media (Stokes-Darcy Coupling)

Flow processes in a free-fluid region adjacent to a porous medium occur in many
relevant applications. Under the (realistic) assumption that the Reynolds number in
the porous domain is small, the Navier-Stokes equations could be therein up-scaled
to a macroscopic level and replaced by the Darcy law.

Consider the case of a tangential flow of a fluid over a porous bed. This situation
is known in literature also as near parallel flows [12], i.e. flows for which the
pressure gradient is not normal to the interface and the Darcy velocity inside the
porous domain is much smaller than the velocity in the fluid domain. The most
widely used approach to couple the free fluid regime with the porous-medium one
consists of:

— the introduction of an artificial sharp interface I" between the Stokes (or fluid)
domain £2; and the Darcy (or porous) domain £24;

— the imposition of the mass conservation, the balance of normal forces and the
Beavers-Joseph-Saffman (BJS) experimental law on I" [6], see Fig. 2.

solid wall —=

porous
medium

Fig. 2 A typical setting of the Stokes-Darcy coupled problem for a fluid over a porous bed
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To write down the associated mathematical model, we introduce the following
entities:

— the outward unit normal vectors ny to 0 $2k,

— the dynamic viscosity u, the density p, the velocity ug and the pressure p; of the
fluid in £2q,

— the Cauchy stress tensor for the fluid oy = os(us, ps) = —psI + w(Vug +
(Vuy)"),

— the Darcy velocity uy; and the intrinsic average pressure py in the porous domain,
the intrinsic permeability ¥ = k(X) (for any x € §2,) of the porous media,

— two given body forces f; and fy,

— the normal unit vector ny to I" directed from £2 to 24 (thenny = ng = —ny
on I") and an orthonormal system of tangent vectors 7;, with j =1,...,d — 1
on .

The coupled problem that we consider reads:

Stokes problem (fluid domain)

—V.os=1f, V-u; =0 in 25, (12)
Darcy problem (porous domain)

u = —S(Vpy—1fy), V-ug=0 in 2y, (13)
inte}jfaceuconditions (sharp interface)

ug-ng+uy-ng =0 (mass conservation)  on I, (14)
(osng) -ng +pg =0 (balance of normal forces) on I', (15)

o
[+ . T .
T] ICTJ

where « is a suitable parameter depending on the porous media. Indeed, the BJS
condition is not a coupling condition, as it only involves quantities from one side.
The system (12)—(16) is completed with suitable boundary conditions that read
(as usual, D stands for Dirichlet and N for Neumann): uy, = gf) on B.QSD ,osng =0
on SQ;V, pqa = 0on 8.{26?, u;-ng = gfiv on 8[2611\’, where we assume that 8.(2,?7 and

B.QkD are non-intersecting subsets of d§2; \ I" such that 8[2,?7 U B.QkD =082\ I.

The coupled system (12)—(16) can be recast in the form (1)—(4) by associating the
Stokes problem with L, (u2) and the Darcy problem with L (x1). When considering
the weak (variational) formulation of the coupled problem (12)—(16), the interface
coupling conditions (14) and (15) can be treated in different ways depending on the
specific variational form used. In the form used in Sect. 6, the balance of normal
forces (15) plays the role of a @-like condition (2), while the mass conservation
condition (14) will be treated as a ¥ -like condition (3). In specific circumstances,
however, for instance when the interface I is parallel to one of the cartesian
coordinates, condition (14) can be easily enforced as a Dirichlet condition (thus
under the form (2)) on the space of trial functions and condition (15) as a Neumann
(natural) condition, e.g., like (3).

(osmyg) -7 + u-7; =0, j=1,...,d— 1, (BJS condition) onI", (16)
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4 Intergrid Operators for Non-conforming Discretization

We consider two a-priori independent families of triangulations 71, in §21 and
D .h, In §22, respectively. The meshes in £2; and in §£2; can be non-conforming
on I and characterized by different mesh-sizes 41 and hy. Moreover, different
polynomial degrees p; and p, can be used to define the finite element spaces. Inside
each subdomain §2; we assume that the triangulations .7 j, are affine, regular and
quasi-uniform [14, Ch.3].

Then, for k = 1,2, let Xi 5, = {v € CO2) : vr € Pp,, VT € Fin,)
be the usual Lagrangian finite element spaces associated with .7 j,, while Y; 5, =
{A =v|r, v € Xk} are the spaces of traces on I" of functions in Xy j,,, whose
dimension is 7.

We denote by I'7 and I the internal boundaries of §21 and £2,, respectively,
induced by the triangulations .77 j,, and 7% j,. If I' is a straight segment, then I} =
I = I', otherwise I'1 and I> may not coincide (see Fig. 3).

Fork =1, 2,let {XEFk), e X,(lf:k)} € Ik be the nodes induced by the mesh % p, .

We introduce two independent operators that exchange information between the
two independent grids on the interface I": [T : Y2 5, — Y15, and [Ty : Y1 3, —

Y2 hy.
If I = I%, I11> and Il are the classical Lagrange interpolation operators
defined by the relations:
(leuz,hz)(X§F‘)) = Mz,hz(X,m)), i=1,...,n, VYua,n, € Yan,, (17)
o)X ) = pin ), i=1,....m2,  Yuim € Yip. (18)

If, instead, I} and I are geometrically non-conforming, we define I7;> and
IT>; as the Rescaled Localized Radial Basis Function (RL-RBF) interpolation
operators introduced in formula (3.1) of [3]. In both cases, the (rectangular) matrices
associated with ITj; and [T, are, respectively, Rjp € R™*"2 and Ry; € R"2*"1 and
they are defined by:

2)\ (T : .
(R12)ij = (1712M§- ))(XE Dy i=1,...,n, j=1,...,n,

1 . ) (19)
(R21)ij = (1721M§- ))(XEFZ)) i=1,...,n, j=1,...,n,

Fig. 3 I' and I induced by the triangulations .77 5, and % j,,, whend = 2
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where {,ul(k)} are the Lagrange basis functions of Yy p,, for k = 1,2 and i =
1,..., ng.

In the special conforming case for which Iy = I3, hy = h> and p; = p»y, the
interpolation operators I11> and I1>; are the identity operator and R = Ry; = [
(the 1dentity matrix of size n1 = ny). Finally, let M, such that

k (k
Mrij = W w2y, k=1.2, (20)

be the interface mass matrices. To assemble both the interface mass matrices and
the interpolation matrices, for both the Lagrange and the RL-RBF approaches, the
only information that are needed are the coordinates of the interface nodes.

Let £,k e {1,2). If u® € [V, ]9 with d = 2,3; by writing [Typu®
we mean that the interpolation operator I1y; is applied to each component of
the vector-value function . Finally, M, = diag(Mrp,, ..., Mr,) and Ry =
diag(Ryk, . .., Rex) are block diagonal matrices with d blocks.

S INTERNODES Applied to the FSI System

We define the functional spaces:

Vi =H' Qo1 Qpi=L2(R0, Vg ={veVs:v=00n02p}
={veVs :v=0o0n aszj? uUrny), V,=[HY 2, @

VP ={veV,: v=00n9dR2P), V'={veV,: v=00na§Duf}

Ve=[H'@2p1, VP={veV,: v—00n8.§20} A = [H (D)),

and the lifting operators Z; : A — ?SD s.t. (:@S/):)m = /):, AR A — Vft S.t.
(Zs M), =Lo .@;}.

Let us discretize the time derivatives by standard finite difference schemes (e.g.
a backward differentiation formula to approximate the first order derivative and
the Newmark method to approximate the second one). The weak semi-discrete
(continuous in space) counterpart of the FSI system (5)—(11) reads: for any time
level t", with n > 1, find u’} € Vi, p'} € Qfm, ?i’} €V, andan € V; satisfying

the Dirichlet boundary conditions u’} (t”) on Fft,, and d f = g D™y on
f}) - aﬁf, ﬁn = D(t”) on st and the 1n1t1a1 conditions uf = up in £y,
ﬁf = ﬁ and 8‘1? li—0 = d1 in £2; 0, such that:
PACR AR WeeVl (22
AW dpivp) + Br(vy ph) = FHV ) YreVy,.. (23)

By, q) =0 Vg€ Qrm, (24)
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G(d}. V) =0 W, e VP (29)
3N o~ N ~ o~
Ay (dy, Zs) + Fr Wy, dp; ) + Bp(ZrI, P) R (26)
= F (%) + FHER) VI E A,
w0 Dpm = a3d, —i—ﬁ’;_l, ﬁ’} =d; on T, (27)
where

Ay (dy, Vo) = [5 (psardy Vs + G : Va¥y) d 2,

T T = [yon gy - VsdV + [, 077 a2,

Gy, V) = [5, Vady : ViV d 2,

(g, ds;vy) = Ja,, prlaug + (s —w) - Viug) - vy d2
+ [, m(Vug + (Vup)h) : Vvy)de2,

Brur,qr) = foJ(V ‘uy)qds2,

Fi(vy) = fag}\fl gy Vrdy + f:zf,, by~ vpde,

with ay, a», az suitable real values and b’f_l, bg_l, and b’;‘l (depending on the
solution at the previous time levels) suitable vector functions arising from the finite
difference discretization of the time derivatives.

Equation (26) is the weak counterpart of the dynamic interface condition (9).

We consider now independent finite element space discretizations (as described
in Sect.4) in Q f and 2, (a suitable inf-sup stable couple of finite elements will
be considered in the fluid domain) that may induce two different discrete interfaces
ff = Tfn; N Fand Iy, = J,,, N T in the case that I is curved as in Fig. 3,
right. Then we use the subindices &y, for k = s, f, to characterize the subspaces
of the functional spaces (21) as well as the discrete counterpart of each variable
appearing in the system (22)—(27). From now on, in ’&Z Iy u’}, hyo ’&’} hyo and p’}’ "
the super-index n will be omitted for sake of notations. ' |

In order to apply the INTERNODES method to the discrete counterpart of (22)—
(27), we define the scalar quantities:

rei = Sl ng, i) — FLR), i=1.....d n,
ri=dypn, dpn s o) + B w8 pra,) (28)
— TR, i=1,....d n;
(k) d-ng : . d
(where {i;""},_| are the Lagrange basis functions of [¥; p,]“) and

d-ny

wy= Y (MDjini,  k=s fj=1,....dn (29)
i=1
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d-ng
and the functions ry 5, = Z 2k, jﬁﬁk),which are the so called discrete residuals and

are the discrete counterpart of o ;1.
The INTERNODES method applied to system (9)—(11) at any #”" reads:

Ay ng Vo) = F Vs.n,) Yo, € Vs b (30)
A W@png, Angs Vi) +Br Vg Prag) = FFOgn)  YWiny € V5, 0, (31)
Brgneqfn) =0 Yqfn, € thf,z",(32)
G(dpn, Von,) =0 Wene € Viu  (33)
s, + HspXpn, =0 (dynamic) on I, (34)
Ufhy © .@f,tnA: Iy (aﬂi\s,hs +B§_l) (kynematic)  on Iif’ (35)
dfp, = Hyedsp, (adherence) on [7y. (36)

The conditions (34)—(36) are the INTERNODES counterpart of the interface
condition (9)—(11), obtained by applying the intergrid operators I1j> and [l
defined in Sect. 4. More precisely, if we make the associations s <> 1 and f < 2,
the operator I1¢s(= Ilz1) is used to interpolate on ff each component of the

discrete traces ﬁs,hs and (the discretization of) adg;’“‘ |;» that are known on fs while
I;¢ (= I13) is used to interpolate on fs each component of the discrete counterpart
of the normal stress @ n s that is known on I'y.

By construction, ry 5, € Yi = [Yk,hk]d, for k = s, f, and then Lfhy has the

sufficient regularity to be interpolated.

Remark I The scalar values (28), typically computed as algebraic residuals at
the interface of the finite element system, are not the coefficients of the function
ri n, W.I.t. the Lagrange expansion {ﬁgk)}, rather the coefficients of ry 5, w.r.t. the

()dnk

canonical basis {; of Y kol The latter is the dual to {ﬁ;k) }, that is it satisfies

the relations (lﬁ( ), ﬁik))Lz(fk) = é;j,fori, j=1,d-.. nk, with §;; the Kronecker

delta. It can proved (see [2]) that ¢(k) = Zd k(M i ) ji /l, , 1.e., the interface mass
matrix M, and its inverse play the role of transfer matrrces from the Lagrange basis
to the dual one and viceversa, respectively.

Denoting by ry, re, Ur, dg, dy, b” 1, and dy the arrays whose entries are

the Lagrangian degrees of freedom of ry, hps Xsohgs Ufhss ds s dfh , and b
respectively, the algebraic form of the INTERNODES conditions (34)—(36) reads

Mt + RSfM;]} rr =0, (37)
Us =Rpg(asds + b5, (38)
d; = Ryyd;. (39)

Notice that (37) can be equivalently written as ry + M Ry fM rr=0.
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The INTERNODES method has been successfully applied to the FSI system in
[4, 8].

6 INTERNODES Applied to the Stokes-Darcy System

We define the functional spaces:

V, =[H (2919, VP ={veV,: v=00n02P}, (40)
Vo={vell*(2)1: V-veL*(2s), V)={veV;: v.n=00n32}},

0, = LX(2,), Qua=L*Qq), A=Hy ).

Then we consider the following weak form of the Stokes-Darcy coupled problem
(12)=(16) [11]: finduy € Vy, ps € Qs,uy € Vg, ps € Qg,and A € A withu, = gP
on BQSD, uy -ng = gév on 8.(2(]1\' such that:

2,u/ D(uy) : D(vy)dS2 — psV - vsdS$2 —|—/ AV -ngdI’ 41)
s 825 r
d—1
+Z/aj(us-rj)(vs-rj)dr=/ f, v, dS2 Vv, € VP,
j_l F N
/ qSV'usdQIO VqSEQS’
£25
u/ (k ay) vy d2 — pdV-VddQ—l—/ AVg -ngdl (42)
24 24 r
:f f;-vyds2 VVdEVéV,
24
/ qaV -ugds2 =0 Vga € Qa,
24
fus-nsn+fud-ndn:0 Vne A, (43)
r r

where D(v) = (Vv + (VV)")/2, while o; = au/,/tT kT ;.

The Lagrange multiplier A € A is in fact . = pg = —(osng) -ng on I

We discretize both Stokes problem (12) and Darcy problem (13) by inf-sup stable
(or stabilized) couples of finite elements (see, e.g., [7]). Independent finite element
space discretizations (as described in Sect. 4) are considered in §2; and §2; that may
induce two different discrete interfaces Iy = 5, N I" and Iy = Jgp, N I in
the case that I is curved as in Fig. 3, right. Then we use the subindices /g, for
k = s,d, to characterize the subspaces of the functional spaces (40) as well as

the discrete counterpart of each variable appearing in the system (41)—(43). For
k=s,d, Axn, = AN Yip,.
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In order to apply the INTERNODES method to the discrete counterpart of (41)—
(43), we define the scalar quantities:

k .
Tk.i =f(uk,hk-nk)ug), i=1,...,nx, k=s,d, (44)
r
(where {Ml(k)}?i | are the Lagrange basis functions of Y p,) and
nk
2k, = ) _(MpDjirci, j=1...n k=s.d, (45)

i=1

and the discrete functions (belonging to Y 5, )
Nk
k
Wi,y = ZZk,jlfL; g (46)
j=1

The INTERNODES form of problem (41)—(43) reads: find uy ,, € Vs n,, ps.n, €

Os.hy> Wd ny € Vahg> Pd,hy € Qd hg» Ms,hy € Asng and Ag p, € Ag p, (satisfying
the given boundary conditions) such that:

2#/ D(ug ) : D(vsp,)dS2 — Ps.h V- Ve p, dS2 +/ As,h,Vo,ng -MgdI” (47)

2 r

d—1
+Z/ aj(ugp, - Tj)(Vep, - Tj)dll = / fs - vop, dS2 YVsn, € ths,
—~ Jr 2
j=1 N
/ QS,th O ds2 =0 VQS,hS € Qs,hS’
2
M/ (e g p,)  van, d2 — Pd.hgV - Vd,h, dS2 (48)
24 24
+ | AanyVan, -Dadl’ :/ £y -vap,ds2 VYVa iy EVé\{hd,
r 24
qd.hyV g p, dS2 =0 Vqa.n, € Qd,hys
24
Mysws p, + wap, =0 only, (49)
As.hy = Isadd ny only. (50)

The conditions (49)—(50) are the INTERNODES counterpart of the interface
condition (14)—(15), obtained by applying the intergrid operators 12 and [l
defined in Sect. 4. More precisely, if we make the associationsd <> 1 and s <> 2, the
operator I1;4(= I71) is used to interpolate on I the discrete trace of pg p, that is
known on Iy, while I1;,(= I11>) is used to interpolate on Iy the weak counterpart
of ug 5, - Ny that is known on [5.
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Denoting by wg, Wy, ts, and t;, the arrays whose entries are the Lagrangian
degrees of freedom of wy ., W4 ;s As,h,» and Ag p, respectively, the algebraic form
of the INTERNODES conditions (49)—(50) reads:

RysMp'wy + Mp'wg =0, t, = Ryta. (51)

We test the accuracy of INTERNODES by solving problem (12)—(16) with:
Q2 = 0,1) x (1,2), 24 = 0,1) x 0,1, p = 1,k = 1072, k =
kI, boundary data and f; = f; are such that the exact solution is uy, =
k[—sin(Fx)cos(Ty) —y + L,cos(Fx)sin(Ty) — 1 +x], ps = 1 —x, ug =
k[sin(Fx) cos(Ty) + y, cos(Fx)sin(Ty) — 1 +x], pa = %cos(%x) sin(Zy) —
y(x—1). The approximation in each subdomain is performed with stabilized Ap-fem
on quadrilaterals ([7]). The errors es = |[us — g p, | g1 (@, + | Ps — Ps.n, | 1202, and
ed = ug—vg n,ll 20+ 1Pa—Pdngll i, are shown in Fig. 4, versus either the
mesh sizes hy, hy and the polynomial degrees pg and p,, they decay exponentially
w.r.t. the polynomial degrees (Fig. 4, at left) and with order ¢ = p;, = p; W.r.t. the
mesh sizes (Fig. 4, at center and at right).

In Fig.5 we show the INTERNODES solution computed for the cross-flow
membrane filtration test case with non-flat interface I". The setting of the problem
is given in Sect. 5.3 of [7]. We have considered either a cubic spline interface (Fig. 5
at the left) and a piece-wise interface (Fig. 5 at the right). Quadrilaterals hp-fem are
used for the discretization in either §25 and £2,. The solution at left is obtained with
hs = 3/8, hg = 1/2, and py; = p; = 4, that at right with Ay = hy = 3/8,p, = 4
and p; = 3. RL-RBF interpolation is used to build the intergrid operators (17) when
I' is curved, and Lagrange interpolation when I" is piece-wise linear.

Numerical results show that INTERNODES keeps the optimal accuracy of the
local discretizations and that it is a versatile method to deal with non-conforming
interfaces.

10
h.s = 02. hd =0.333 Py =DPs = Ps = Ps =
Pg=Ps+ 1 107 .///. 107
10° / /
4 107 4
b A 2 A
10710
1 > 3 4 5 6 7 002 004 007 01 02 03 0.02 004 007 0.1 02 03
Ps hsa h/rl h/ﬁ7 h’(]

Fig. 4 Errors e; (red) and e; (blue) for the Stoked-Darcy problem (12)-(16) solved on non-
conforming meshes by the INTERNODES method
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Fig. 5 INTERNODES solution of the Stokes-Darcy coupling. The velocity field u; is red in £2
and black in £24, the underground colored scalar field is the hydrodynamic pressure. I” is curved
at left and piece-wise linear at right
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