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Abstract. New domain decomposition methods (DDM) based on optimal con-
trol approach are introduced for the coupling of first and second order equa-
tions on overlapping subdomains. Several cost functionals and control func-
tions are proposed. Uniqueness and existence results are proved for the cou-
pled problem, and the convergence of iterative processes is analyzed.
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1. Introduction

In the past decade, there has been a considerable attention to the so-called het-
erogeneous domain decomposition approach for advection-diffusion equations that
are dominated by the advection term: the computational domain is split into two
parts, in the one embodying the regions where steep layers occur the original equa-
tion is solved in its integrity, whereas in the other the viscous (diffusion) term is
dropped, so the problem reduces to its advective part. Obviously, the new het-
erogeneous differential problem can only be regarded as an approximation of the
original one. However, when the two subdomains are separated by a sharp inter-
face, if suitable interface conditions are imposed at the interface itself, then the
solution of the reduced heterogeneous problem converges to the one of the original
complete problem when the Péclet number (i.e. the ratio between the viscous and
the convective term) tends to zero [4]. In this paper we analyse a mathematical
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formulation of the heterogeneous advection diffusion problem on overlapping sub-
domains based on an optimal control approach. The optimal control for domain
decomposition methods have already been advocated to solve the coupling be-
tween heterogeneous equations (see [3],[18],[19]) and they have been analysed to
solve homogeneous elliptic problems (see [10],[11],[12]).

The idea consists of introducing a control function on the subdomain inter-
faces which have the role of guaranteeing that the two solutions match on the re-
gion of overlap. The use of control approach for heterogeneous advection-diffusion
operators was introduced in [5] for both overlapping and non-overlapping subdo-
main decompositions. In this paper we generalize the results of [5] in the case of
overlapping partitions. From one hand, we introduce a further distributed control
function whose support is in the overlapping region. Moreover, we propose iterative
methods for the solution of the control problems and analyse their convergence
properties.

This paper provides a mathematical set up for the treatment of heterogeneous
operators in overlapping subdomains. Some preliminary results concerned with the
theory here developed appeared in [2].

Since our analysis is carried out at the differential level, the proposed ap-
proach is prone to be adopted in the framework of any kind of numerical approx-
imations (in particular, those based on the finite element method).

An outline of the paper is as follows. In Sect. 2 we introduce the heteroge-
neous advection-diffusion problem through control at the boundary and we provide
conditions on the data and the subdomain decomposition that guarantee the exact
controllability (yielding the solutions in the two subdomains that coincide on the
overlapping region). In Sect. 3 we formulate the problem as an optimal control
problem in which we aim at minimizing the L2-norm of the error on the overlap-
ping region. We analyse the existence of a solution, then we propose an iterative
method and analyse its convergence. In Sect. 4 we introduce a further control
function, distributed in the overlapping region. This is a novel approach: we also
propose and analyse an iterative method for the approximation of the correspond-
ing solution. In Sect. 5 we compare numerical results obtained with both 2-controls
and 3-controls approaches. In Sect. 6 we change the role of the boundary control
at the interface: the controls are used to enforce on one interface the continuity of
the solution, on the other the continuity of the flux. Finally, in Sect. 7 we apply
the previous approach to the case of second order elliptic equations.

2. Problem statements

Let €2 be a two-dimensional domain with the boundary I' := 9§ which is assumed
to be Lipschitz-continuous and piecewise of class C(?). Its closure is Q@ = QUT.
We use the following notations (see Fig. 1-3 for some examples): ©; and {2y are
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FIGURE 1. A first possible decomposition, p = 1 on the left and
p = 2 on the right
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FIGURE 2. A second possible decomposition with p =1

two, not necessarily connected, subsets of € such that
5251U52, Qlﬂ927é®, Qo = Q1 NQ,
szﬁﬂkﬂl“, Skzaﬂk\rk, k=1,2.

Note that 242 can be regarded as the union of p disconnected subdomains Q%)
with j =1,...,p: Q10 = U?Zlﬂg) (see Figure 1). We consider two situations: when
'y NTy # 0 (as in the case of Figure 1) and 'y N Ty = @ (as in Figures 2-3). We
assume that 9Q1, 00 are piecewise of class C'?) and Lipschitz-continuous.

Let n = (n1,n2) be the outward unit normal on I'; 7 = (ne, —n1) the tangent
vector; b = (b1, bs) is a vector with smooth components. We define

2
bk i=b-n= > bmn; on O, b= OF)T—(bF),

=1

bR = (bnl+07)/2,  (bn)” = (Ibs —bj)/2, k=12,

and

9!
ES

o= SN {(bE)" #£0}, S =Sk {(bE)+ # 0},
Iy =D n{(F)~ #0}, Tf =Tnn {5+ #0}.
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FIGURE 3. A third possible decomposition with p = 1 on the left
and p = 3 on the right.

We will use the real spaces L2(€2), L%(Qy), L*(T), ..., L?(T'y), k = 1,2 as well as
the following spaces: L?(w; S ) is the space of functions u such that for k = 1,2,
1/2

L*(w; S, ) is the space of functions w : HuHLQ(w,S;) = /w|u|2d1" < o0,
k

for w = (b¥)~ and w = (b¥)T. For simplicity, in the sequel we will use the following
notations:

L2(Sy) = LA (b))~ Sy,) and L2(SF) = L2 (b)) *: S)F).
Let us consider the differential operators

Lyuy:=div(buy) + bous in Qq, 2.1)

Loug:= — vAug + le(bUg) + bous in o, '
where v = const > 0, b and by are given such that (bo+ (divb)/2) > ug = const >
0, Vx € Q. fis a given function defined in €, g is a given function defined on
0 and x12 is the characteristic function of €15. In the sequel, the product of a
function u € L?(Q12) by x12 will be considered as the prolongation by zero of u
onto Qx\Q12 for k = 1,2. Moreover we assume that all data b, fo, f, g in (2.1)
are smooth in §2. Each operator Ly, is defined on smooth functions in Qi (k = 1,2).

We look for the solutions to the problem

Liup = f in Qq, (b))~ u; = (b})"g on Iy, (b

n

)_ul = (b%)_)\l on Sy,

(2.2)
L2U2:f in QQ, Uz =g on FQ, (%) 2/\2 on SQ,
where A1 and A\ are the controls and they are chosen so that w; and us adjust in
the best possible way on 215, thus we search for convenient, both mathematically
and physically, conditions on u; and us on 15.
The reasonable request that

U1 = U in ng (23)
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is not necessarily the right answer to our question. As a matter of fact, due to the
heterogeneous nature of the problem, the ambition to have u; = us in Q15 is too
strong. For this reason we look for a relaxed form of the condition (2.3), e.g. in a
least square sense, that means to minimize the difference u; — us on Q4s:
1nf JO()\17)\2> (24)
17 2

where

Jo()\l,/\z) = %/Xlz(ul()\l) — 'LLQ()\Q))QdQ,
Q
and x12 is the characteristic function of 5.
Note that in some places we will use also the notation Jy(uj,us) instead of
Jo(A1, A2), referring to the same cost functional.
Problem (2.2), (2.3) is an ezact controllability problem, while problem (2.2), (2.4)
is an optimal control problem, which can be considered also as a weak statement
of (2.2), (2.3). We denote by A = (A1, A2) the vector of “controls” Aj, Ao.
The minimum problem (2.4) could be replaced by

1,A2 A1, A2

inf Jo(Ar,Ao) = inf —a (;/ bl) )\le“+/)\§d1“ +Jo(M1,A2) |, (2.5)

a>0.

In this case, we name (2.2), (2.5) the regularized version of (2.2), (2.4).
Statements of both problems (2.2), (2.3) and (2.2), (2.4) use the decom-

position of Q onto 21, Qs with overlapping and will therefore be considered as

heterogeneous domain decomposition methods (DDM) with overlapping.

3. Analysis of DDM with two control functions

The variational equations (“optimality conditions”) corresponding to problem
(2.2), (2.4) read as follows: find w1, u2, A1, A2, ¢1 and g2 such that

Lius = f in Ql, (b;)_ul = (b}l)_g on Fl, (b,ll)_ul = (b;)_)\l on Sl,
Lous = f inQy, us =g onTy, us =Xy on Sy,
L(O)* = Xlg(’ul — ’U,Q) in 917 (b}l)—i_ql =0 on Pl, (b}z>+q1 =0 on 517 (31>

(0) qo = —Xlz(ul — ’LLQ) in QQ, q2 = 0 on 892,

(b1)"q1 =0 on Sy, uaa—n—O on Ss,

where the operator L,(CO) (for k = 1,2) is defined as in (2.1) on smooth functions

which satisfy homogeneous boundary conditions on 92, while L,({O)*

operator.

is its adjoint
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We consider problem (2.2) and suppose that A\p (for k = 1,2) are known. For
k = 1,2 we decompose the solutions uy in a linear plus an affine part u; = uﬁ +u£
as follows:

Lyu{ = f in Qi, (b)"uf = (bh)"g on T, (b)7uf = (b,)"g1 on Sy,
Louj =f in Qo, uj =g on Ta, ub =go on So,

Ly =0 in Q, (b1)"up =0 on Iy, (b)) up = (bL)~ A on Si, (3:2)
Louy =0 in s, up =0 on Iy, uﬁ‘::\g on So,

where g is a given extension of g onto Sy (for k = 1,2), such that
g2 :={gonTs g on Se} € Hl/Q(BQg)7
g1:={gonTy, g1 on S} e L3S UTT), (3.3)
e 1= Mg — g on Sk, ug = uk(S\k), k=1,2.

Now (2.5) has the following form:

1 - - -~

inf | = a/(b;)—(Al + §1)%dT + Oz/()\g + §2)%dT | + Jo(A1, Xo)

A1,A2 (34)
0,

S1 Sa
a >
where
Jo(h, Ra) = %/qu(ul(xl) “up(h) — F)PAQ, F = —xua(u] —uf). (35)
Setting D(A) := A = L?(S]) x Holé2(52), we define the linear operator
A:L2(S7) x L2(Sy) — L2(Q2),  AX:= x12(u} — u3), (3.6)
and its adjoint operator
A% L*(Q2) — LA(Sy) x L2(S2), A" :w— pu, (3.7)
such that:
Lgo)*ql =x12w in Q1, (b)Tg =0 on 09y,
LéO)*qQ = —xpow in Qa, ¢2=0 on 9N,
p= (), o= (b)) qus,, 2= —V%Isw
and
F = —xia(u! —u). (3.8)

Problem (2.2), (2.3) can be written as
find A€ A: AN=F, (3.9)
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while problem (3.1) can be written as
find X €A : A* AN = A*F. (3.10)

In this section we analyse the well-posedeness of this latter problem. The
study of existence and uniqueness of solution for problem (2.2), (2.4) will be carried
out by using the properties of problem (2.2), (2.3).

Let us prove the first proposition.

Proposition 3.1. Problem (2.2), (2.3) does not have a solution in general, without
introducing specific restriction on the data of the problem itself.

Proof. The proof is based on the uniqueness continuation theorem in the case of
Figure 1, and on the index theory for cases like those illustrated in Figure 2 and
Figure 3.

Assume that Q12 is a connected set, AT = I'y NTg, AT C 9012, meas(AT') > 0,
bp Z0on AT, g=0on T, f =0 on AT, f > 0 in 245 and (2.2), (2.3) has a
solution {u1, ua, A1, A2}. Note that, if {u1, w2, A1, A2} is a smooth solution of
(2.2), (2.3) then we can consider the equation Liu; = f on AT and find

0 0
n—ul 4—bT—u1 + puy = f on AT,
on or
where p = bg + divb, b, =b-n, b; =b-7, and n is outward unit normal to

AT'. Since w1 = us = u in Q45 from the equations in Q1,2 we obtain:
Liu= fin Q2, uw=0o0on Al'y vAu=0in Q9

b

ou ou ou
Liu|ar = flar =0=  byo—| +pular+br=| =boz—=| =0
on or on
AT AT
So, u would be the solution of following Cauchy problem:
Au =0 1in Qqo, u:@:OonAF.
on

According to the uniqueness continuation theorem [7], u = 0 in 5. Hence, u;, = 0
in Q9, A\, =0, k=1,2and f = 0in 2, which contradicts the assumption f > 0
in 912.

Let us now consider another counter-example. Assume that Q2 is a multi
connected domain with boundary 9Q;2 = ?:0 BQ%), where ang) is the outer
part of 95 (see Figs. 2 - 3, in particular 092) = S in Fig. 2).

Suppose that |b| # 0 on 9012 and

1< ,
ee=2(P—p+1) <0, where P = o jgo{arg(bl —iba)},
where e is the “index” of the problem considered in ;2 [16]. Assume that problem
(2.2), (2.3) has a solution, then u = u; = ug is the solution in ;2 of the following
Poincaré problem:

AUZOian, b-Vu—l—uu:fonang.
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Existence of a solution for this problem can be proved if we impose a number
of restrictions on f and the “index” @ must be nonnegative. There are further
counter-examples which prove the non-existence of solutions of (2.2), (2.3) in gen-
eral case.

Introduce the following types of assumption:
L.

I W) g : : (3)
Q2= U Q) AI'= J A0, ATWD c 90, p < oo,
=1 i=1 ‘ (3.11)
meas(AT')) > 0, b, #0 on ATV), (see Fig. 1, with p =1 or p = 2),
II.
Q19 is finite, p = by + divb > 0 on 042, p # 0 on 99,

the direction b at any point of 0€;9 forms with the outward normal (3.12)

to 9212 an acute angle.
I11.

p
) 1 -
Q= J Q) by #0on 001, 2 - L0 (b g on 00,
_ b, 207\b,
i=1 (3.13)

0
where 9 is the derivative along 019
T

Let us prove the second proposition.

Proposition 3.2. If problem (2.2), (2.3) has a solution and one of the assumptions
I-IIT s fulfilled, then this solution is unique.

Proof. Let us assume that the data are such that problem (2.2), (2.3) admits at
least one solution.

Let the assumption (3.11) be fulfilled and {ugl), uél), /\gl), )\él)}, {ugm, ué ,
)\§2),/\§2)} be two possible solutions of (2.2), (2.3). By setting u; = ugl) - u§2>,
Uy = uél) - ug2)7 A = )\gl) — )\52) and Ay = )\gl) — )\52), we obtain the following
boundary value problems in Q45 for u = u; = us:

ou ou

Au=0 in Qo, by—+b;— +pu=0 on 0N, (3.14)
on or
. 9 ,
Au=0 in Q9 u:a—u:O on ATD), j=1,... p. (3.15)
n

From (3.15) and the uniqueness continuation theorem we obtain: v = 0 in Qg), Jj=
1,...,p. Hence, Ay =0, 2 =0 and u; =0 in Q1, us = 0 in 3, i.e. the solution of
(2.2), (2.3) is unique.

Suppose now that assumption (3.12) is fulfilled. From the theory of boundary-
value problems with oblique derivative [15], we conclude that problem (3.14) has
a trivial solution. Then: A\ = 0, ux = 0 in Q, £ = 1,2 and the uniqueness of

solution (2.2), (2.3) takes place.
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Finally, let the assumption (3.13) be valid. Then for the solution of (3.14) we
have the following well-known relations:

O:—/AuudQ:/|Vu|2dQ— / O ar,
on
Q12

ng 8912
Using boundary condition from (3.14) we obtain:

br Ou
0 = 2dQ L — + ) udl
/ |Vu| + / <bn 5, + bﬂu) u
ng 8912
10 (b
= 2402 / B 22 (22)) w2dr.

/ V@t [, 290 5o )) "

ng 8912
Hence, u = 0 in Q12, Ay = 0, ur = 0 in Q, &k = 1,2 and the solution of (2.2),
(2.3) is unique. O

Remark 3.3. Since, for a linear operator A, Ker(A) = Ker(A*A), then the state-
ment of Prop. 3.2 gives also the uniqueness of solution of problem (2.2), (2.4) or
equivalently of (3.1).

The assertions of Propositions 3.1 - 3.2 will be used in the next Proposition
while analysing problem (2.2), (2.4). Let us note also that analogous assertions can
be proved for the case 2 C R™, n > 2, and for a system of equations of type (2.2),
(2.3). The results of the Cauchy problems, the problems of the oblique derivative
and Poincare problem are still useful in proving these assertions.

Proposition 3.4. The following assertions hold true.

1. Problem (2.2), (2.4) (or equivalently (3.1)) has not a solution in general.
2. If problem (2.2), (2.4) (or equivalently (3.1)) has a solution, then in general
case iI;f Jo(A1,A2) > 0, i.e. up # ug in Qia.

3. If one of the assumptions I-111 is satisfied and problem (2.2), (2.4) (or equiv-
alently (3.1)) has a solution then this solution is unique.

Proof. 1. Consider the following adjoint problem with homogeneous boundary con-
ditions: find ¢1, g2, w s.t.

L ¢ = x1ow in Qy, (b1)Tq1 =0 on 99,
Lgo)*qg = —x12w in (g, an =0 on 90, (3.16)
(bp) g1 =0 on Si, —l/%:O on Ss.

To simplify notations let us replace —g2 by g2 in (3.16).
Assume that meas(S] ) = 0, in this case the control function A is not needed in the
solution of problem (2.2), (2.4). Let us consider any smooth function gz defined on
0y with compact support in Q12 such that dist(9Q12, supp(g2)) > & = const > 0,
where 0 < ¢ < dim(€2).

Let @ be defined on ;5 such that @ = XlngO)*(jg. Note that supp(w) C 12, then
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we extend it by zero in 7 and solve Lgo)*(jl = X12W.

It is easy to see, that §; # G2 in Q12, in general.

We anticipate that the relation “(b1)~¢; = 0 on S;” does not provide any infor-
mation since (b,')~ = 0 on 51, so the adjoint problem (3.16) has an infinite set
of nontrivial solutions ¢, g2, w.

Now, suppose that g = 0 in (2.2), (2.3) and let us consider f as the solution of the
following equation: T f := Xlg((Lgo))_lf — (Léo))_lf) = in Q. It is easy to see
that ker(T') = {0}.

Assume now that, for this f, problem (2.2), (2.4) has a solution uy = up + ui,
for k = 1,2, where u} is the linear component of uy, generated by i, while ui is
generated by both f and gi. Then

1 1, =
Jo(A1, A2) = §||X12(U1()\1) —up(M2)) T2y = 5”14)\ — Fl%2(0),

Since L,({O)uk(jxk) =0, for k =1,2, we have

(AX, F) 20y, = (xi2u (M), @) r2(0) — (x12u2(X2), @) r2(a) 317
3.17

= (Ul(S\l),Lgo)*Ch)m(Ql) - (U2(5\2),L§0)*Q2)L2(92) =0.

Therefore F' € ker(A*) (remember that L2(Q12) = R(A) @ker(A*)), the functional
Jo takes the following form

(14X 20 + 1 F 320y )

N | =

1
Jo(h, A2) = SllIxaz(ur (M) — uz(M2))I72 () =

and problem (2.2), (2.4) has not a solution either [21]. In other words, we note that
Ais the solution of inf5 5 Jo(A1, A2) iff there exists A such that A*AX = A*F'. But

(3.17) implies that F := 1w € R(A)* = ML [6, pag. 58] and then ML #{0}.
Recalling that L?(Q12) = R(A)®R(A) , it follows that F ¢ R(A), thus (3.1) (and
therefore (2.2), (2.4)) might not have a solution.

2. Assume that problem (2.2), (2.4) has a solution such that Jy(A1, A2) = 0.
Then u; = us in Q15. However we know from Prop. 2.1 that this is not possible in
the general case.

3. We note that (2.2), (2.4) is equivalent to (3.1) and that (3.1) has a unique
solution if and only if (2.2), (2.3) has a unique solution; then, from Prop. 2.2, if
(2.2), (2.4) has a solution and I-IIT are satisfied, then this solution is unique. O

3.1. Iterative algorithm

The simpler way to solve (3.1) (or equivalently (3.10)) is to consider the gradi-

ent method applied to the minimization problem inf Jo(A1,A). It reads: for a
A1,A2
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given 5\07 form=0,1,..., find @}, 5\’,?"’1 (k =1,2), such that
Lia" =0 in Q, (L)@ =0 on 'y, (b))~ @ = (b1)~ A" on Sy,

Lo =0 in Qy, 0" =g on Ly, 4" = A on Sy, (3.18)

Tm

+1 N ym Ym
A =X = oA, AT,
where {v,,} are suitable relaxation parameters to be chosen according to conver-
gence criteria ([1],[14],[17],[20],[22]).
For the functions uy = ug + u',é, with A\, = 5\k + gk, (k = 1,2) the gradient

method reads: for a given A°, for m = 0,1, ..., find ul®, ul, )\’1"“ and )\;”H
solutions of

Liuf® = f in Qu, (by) u* = (by)"g on I't, (by) " ui® = (by)” AT on S,
Loul* = f in Qa, u' =g on Ty, ul* = A\J* on Sy, (3.19)
A= X =y T ().

If the relaxation parameters {~,,} are chosen to satisfy a minimization pro-
cedure, algorithm (3.18) is in fact a minimization procedure for solving (2.2), (2.4)
and it can be rewritten as: for a given XY, for m = 0,1, ..., find ul®, ug, )\T'H,
AL g and ¢ such that

Liuf* = f in Qu, (by)~uf* = (by)"g on I'y, (by)~u® = (b))~ AT on Si,
Louy' = f in Qg, uy* =g on 'y, uy* = A5 on Sy,

Lgo)*q’ln = x12(uP —ud') in Qq, (b1)T ¢ =0 on 9O,
" . 3.20
Léo) @ = —x12(u — ul") in Q2, ¢§* =0 on 09, ( )
(b3) " AT = (b) AT = (b)) g om S,
8 m

AP = A 4y % on Ss.

According to the general theory of iterative methods [14], if ker(A*A) = {0},
the coefficients 7, can be chosen in the interval v, € (0,2/||A||?). If problem
(2.2), (2.3) is dense solvable (see Definition 4.1 in Section 4), the choice [1]

o m 9q3"
2 [5, (1)~ (g)2dT + [, (v75=)2dT

is the one that guarantees the minimization of functional (2.4).

Alternative strategies are usable as well, for instance, solving system (3.10) by the
Conjugate Gradient method, in which case the choice of the relaxation parameters
is automatic.

. (3.21)
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Proposition 3.5. If problem (2.2), (2.4) (or equivalently (3.1)) has a unique solu-
tion and the iterative process (3.18) (or equivalently (3.20)) is convergent, then in
general

li 1 luf" — u3'||L,(0,,) > const > 0, (3.22)

m—

i.e. ul", uy' don’t coincide in 12, in general, as m — oo.

Proof. This statement follows from both second assertion of proposition 3.4 and
convergence of the iterative process (3.19) (or equivalently (3.20)) when the relax-
ation parameters 7, are chosen appropriately [1],[14],[22]. O

For any « > 0, the regularized problem (2.2), (2.5) has a unique solution
{u1(@), uz(a), (@), Aa(a)}. As a matter of fact, the corresponding optimality
conditions are given by (3.1) where the last row is replaced by

0
alb))" M + () "1 =00n Sy, aly— V% =0 on Sq, (3.23)
n
and coherently, equation (3.10) will be replaced by
find A€ A: (ol + A*A)X = A*F. (3.24)

It is evident that problem (3.24) is well posed for any « > 0.

The associated iterative process will converge: uj*(a) — up(a), A\l () — Ap(c)
when m — oo, for £k = 1,2 and for any > 0 (m denotes the iteration in the
iterative process). Nevertheless, we cannot prove that uy(a) — u,(CO)7 (@) — )\](CO)
when o — 0, for k = 1,2, where {ugo), u;0)7 )\:(LO), )\go)} is the solution of (2.2),
(2.4).

As a matter of fact, if problem (2.2), (2.4) admits several solutions, then {u(«),
uz(a@), A1(a), A2(a)} will converge to that solution that minimizes the norm of
(A1, A2) (see [1]). However, if problem (2.2), (2.4) has not a solution, we can not
expect the convergence of the iterative process.

From Proposition 3.5 we can draw the following conclusion: in order for the prop-
erty n}gnoo |uf* — uZ*|] = 0 to hold, the statement (2.2), (2.4) has to be modified.

One possibility, which consists of introducing a third control (besides A\; and Az),
will be investigated in the next section.

4. DDM with three control functions

In this section we propose and analyze a domain decomposition algorithm to ap-
prozimately solve problem (2.2), (2.3) with a perturbed equation in €7, by making
use of three control functions.

Let w be a smooth function in € such that

0<w()<1inQ, w=0in Q\Q2, w>0in N4a.
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Let us consider the following control problem: find ug, A\ for k = 1,2 and v €
LQ(ng) s.t.
Liu; = f+wv in Qy, (bL)~uy = (b})~g on 'y, (bL)"u; = (bL)~\; on S, "

LQUQ = f in QQ, U2 =g On FQ, U2 = )\2 on SQ,

with the constraint

Ul = U2 in ng. (42)

The optimal control problem that we associate with (4.1), (4.2) reads: find
ug (@), Ag(a), for k = 1,2 and v(«) (that we will still denote for simplicity as
ug, A (for k =1,2), and v) which satisfy both boundary value problem (4.1) and

1nf Jo (A1, A2, v), (4.3)

)\1 2,V

where

Jo(A1, A2,0) = —a (J (bl) )\2dF+//\2dF+/ 240

+2/X12(U1 —’LLQ) dQQ,

Q

and a > 0 is a regularization parameter. (Even for & = 0 the solution to (4.1),
(4.3) does not necessarily coincide with that of (4.1), (4.2).)

In the sequel we identify L?(2;3) with the subspaces L2(Qx) = {u : u €
L2(Q), u=0in Q4\Q12}, for both k = 1,2.

If « =0, (4.1), (4.3) represent the weak statement of problem (4.1), (4.2).
The minimization requirement (4.3) yields the set of optimality conditions find
)\1, )\2, v, Ui, U2, q1, q2 such that

Liuy = f+wv in Qq,
(by)"u1 = (by)"gon Ty, (b)) w1 = (by)~ A1 on Sy,

L2u2:f in QQ, U2 = g on FQ, ’LLQZ)\Q on SQ,

Lgo)*fh =xi2(u1 —u2) in Qi, (by)tqr =0 on I, (4.5)
L% = —x1a(uy —us) in Q2 g2 =0 on 99y,
0qs
a(by)" A+ (b) "1 =0 on Si, aXy —v ai =0 on &,
n

awv + wq; = 0 in Q.
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We consider the Gradient method to solve (4.5): for any given A, A\, v°, for
m > 0 we look for uf", u’, ¢*, q5*, A\{*T1, APt v™F! such that

LllL?ln:f—FUJ’Um in Ql,
(bp)"ul® = (bp)"g on Ty, (by) uf" = (by)" A" on Sy,

Loud’ = f in Qp, uj*=g on Iy, uf' =X\ on Sy,

LGl = xia(ul' —uf) in Q1 (B})Tef =0 on 99,

« . 4.6
Lgo) g5 = —x12(u* —ulf*) in Qo, ¢§*=0 on 0N, (4.6)

(b3) AT = (b3) AT = Y (b)) AT+ (b)) "g") on Sy,

on

= 0™ — Yy (av™ 4 ¢J") inQy

a m
Ag”“ = A — Ym (a)\gn —v ﬂ) on Sy,

m—+1

v

The parameters {7,,} have to be chosen to get convergence of (4.6) (see [1],[14],
[22]).

In the following we use the notion of “dense solvability” for problem (4.1),
(4.2) (see [8]).

Definition 4.1. We say that problem (4.1), (4.2) is densely solvable (or equivalently,
that the property of dense solvability holds for (4.1), (4.2)) if for any £; > 0 there
exist A1, Ag, 0 such that the problem

Lyt = f4+wbdin Q, (b1) "6y = (bL)"g on Ty, (b1) "1 = (bL)~ A1 on Sy )
Lotis = fin Qs, ds=gonTs, =\ onSs '
has solution 41, o s.t.
i1 — G2l 1 (010) < €1 (4.8)

This is also referred to as a property of “approximate controllability” for
problem (4.1), (4.2) (see [9],[23]).
As done in the previous section, we want to rewrite problem (4.1), (4.3)

through linear operators. Therefore, we set D(A) := A = L?(S7) x H&O/Q(Sg) X
L?(Q12) and we define the linear operator
A L2(S7) x L(S2) x L*(Qu2) — L*(Qu2),  AX = x12(uf —u3),  (4.9)

where A = (A1, A2, v) and where u?, u) are the solutions of

Liww}=wv in Q, (b)) u}=0 on Iy, (b)) ud=(b)"A\ on Sy, (4.10)
Loup =0 in Qp, wup =0 on Iy, ué\zjxg on Ss. .
The adjoint operator of A is

A* LQ(ng) — LQ(Sl_> X L2(52> X LQ(Qm), A* w M, (411)
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such that:
Lgo)*ql = X12W in Ql, (b}l)“‘ql =0 on an,

LgO)*qQ = —X12W in QQ, q2 = O on 892,

- 9q
o= (1, o, p3),  p1 = (bi) q1|S;s M2 = —Va—n2|sg7 M3 = WUy,
Given F' as in (3.8), problem (4.1), (4.2) can be written again like (3.9), while
problem (4.1), (4.3) can be written like (3.24).
Let us consider uniqueness of solution for problem (4.1), (4.2). Should two
solutions {ul”, u", A A v®Y and {ul?, ul?, AP AP 0@} exist, their
)

difference u; = ugl - u12 ;s v =01 —v? would satisfy the equations
Liu; = wv in Ql, (b;)_ul =0 onIYy, (b;)_ul = (b}l)_)\l on Sl,
L2U2 =0 in Qg, U2 = 0 on Fg, U2 = )\2 on SQ, (412)

U = u2, in 912.

From (4.12), for v = u; = ug in Q12 we obtain the following boundary value
problem
Lg’u =0 in ng,

9 9 (4.13)
Liu= bn—u + bT—u +pu=wv=0 on 0.
on or
If the assumption (3.11) is fulfilled, then we have:
Lou=0 in Q2, u= Z—“ =0 on ATV, j=1,...,p,
n

thus v = 0 in Q15 from the uniqueness continuation theorem.
Hence, v =0, A\ =0, uxp = 0in Q, k = 1,2, i.e. the uniqueness of solutions of
(4.1), (4.2) takes place.
The same conclusion holds when assumption (3.12) or (3.13) hold instead of (3.11).
Moreover, the uniqueness of solution of (4.1), (4.2) implies the uniqueness of solu-
tion also for problem (4.5) (or equivalently (4.1), (4.3)) for @ = 0. The uniqueness
results for (4.5) (or (4.1), (4.3)) when a > 0 follow from well-posedeness of equa-
tion (3.24) [1].

Let us formulate the following proposition.

Proposition 4.2. The following statements hold true:
1. Problem (4.1), (4.2) is densely solvable.
2. For any a > 0, problem (4.1), (4.3) has the unique solution up = ug(a),
e = Me(@), k=1,2, v =v(a) and
[x12(u1 = u2)l| Ly @) — 0, a— +0.

3. If problem (4.1), (4.2) has the unique solution u}(€0)7)\l(€0)7 k=1,2, v then

(0) 0)

up(a) — w7, )\k(a)—>)\,(€7 k=12, v(a)—o®

as a — +0,
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where, for any o > 0, uk(a), Ag(a), for k= 1,2, v(a) is the unique solution
of (4.1), (4.3).

4. If {uf ()}, {\ ()}, k= 1,2, {v"™(a)} are calculated by convergent iter-
ative process (4.6) then for any eo > 0 there are a small a > 0 and suffi-

ciently large m = M > 1 such that |[x12(u! (@) — ud’ ()| 1a0) < €2, ie.
uM (), \M (), k= 1,2, vM(a) can be considered as an approzimate solution
of (4.1), (4.2).

5. If (4.1

);
), (4.2) has the unique solution u(o) )\( ) k=1,2, v© then
)

=l Ar(e) =AY, (k=1,2)
0)

up'(«

vm(a)—>v( as o« — 0 and m — o0

and for sufficiently small « > 0 and large m = M > 1 the functions
uM(a), \M(a) (for k = 1,2), vM(a) can be chosen as approzimations of

u,(CO)J\,(CO) (for k=1,2), v(®

Proof. 1. Let us consider the homogeneous adjoint problem, corresponding to (4.1),
(4.2): find q1, g2, w s.t.

L(O) @ =x12w in 1, (bL)Tg =0 on 09y,

Léo)*(h =—xppw in Qz, ¢ =0 on 9Ny, (4.14)
0
(b))"qr =0 on Sy, —v % =0 on Sz, wgq =0inQy.

From the last relation we obtain: g1 = 0 in ;5. Now, using the equations in {2,
and € we conclude also that w = 0 in 242, gx = 0 in Q, & = 1,2. So, the
adjoint problem (4.14) admits only the trivial solution, that is ker(A*) = {0}. If
we apply the theory of operator equations [8],[1], k:er(A*) {0} implies the dense
solvability of (4.1), (4.2).

2. If o > 0, existence and uniqueness of solution for problem (4.1), (4.3), (or
equivalently (4.5)) is proved by invoking the results of [1]. As a matter of fact,
if Fis given as in (3.8), A as in (4.9) and A* as in (4.11), problem (3.24) (or
equivalently (4.1), (4.3)) has a unique solution XA = (A1, A, v) for any a > 0.
Besides, the solutions ux = ug(a), A\p = Ag(a), for k = 1,2, v = v(a) of (4.1),
(4.3), for sufficiently small & > 0 can be chosen as “regularized approximations”
of the solutions of (4.1), (4.2) such that (see [1]):

Liuy = f+wv in Oy,
(bp)"u1 = (b)"g on Ty, (b)) ur = (by)" A1 on Sy,
Lous=f inQy, us=g on I's, us =X on Sy, (4.15)
Jo(A1, A2) = glxaz(ui (M) = ua(M))17 ) < €1
and
Ix12(u1 (@) = uz(@))[|3, () — 0 as a — +0. (4.16)
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3. If we apply the Tikhonov’s regularization method to equation (3.24) (see
[1],[20],[21]), we can prove the convergence

Ala) — A as a — +0.

Since the operator A is bounded and, by assumption, problem (4.1), (4.2) has a
unique solution, then

uk(a)—>u§€0) asa—+0, k=1,2

as well.

4. This statement follows from both second assertion of the present Proposi-
tion and convergence of the iterative process (4.6) when the relaxation parameters
~m are chosen appropriately (see [1],[14],[22]).

5. This statement is a consequence of the previous steps of the present propo-
sition. O

Remark 4.3. Since ||x12(u; — ug)H%z(Q) — 0 as o — 40, the right hand side of the
adjoint problem vanishes when o — +0, therefore we have the convergence result

Hb : VquLz(Sh) + HQ1HL2(Q1) + ||q2||L2(Qz) - 07 ||q2||H1(Qz) - 07 a— +0

and
llazll 200y — 0, a — +0 if Q5 is convex or J€ is smooth.

Remark 4.4. We draw attention to the following point: if ||u; — ua||r,,) —
0, @ — 40 or [[uf* — u5'||1,(0.) — 0 as “a — +0, m — oo” then we do not
expect the convergence of both v(a) and v™(a) to zero as @ — +0, m —
in general case (because in this case it can be in contradiction with results from
Propositions 3.1 - 3.2).

5. Numerical results

We consider the heterogeneous problem (2.2) in the one-dimensional domain 2 =
(0,1), with bg = 0, f = 1, and homogeneous Dirichlet boundary conditions on
0f). The coefficients v and b, as well as the subdomain partition will be specified
below. For the 3-controls approach we chose w = x12 in Q12.

In order to discretize the differential problem, we consider a spectral element ap-
proach ([13]), where we denote by N the polynomial degree in each subdomain.
After space discretization, both 2-controls approach (2.2), (2.4) and 3-controls
approach (4.1), (4.3) are solved by Bi-CGStab iterations.

In Figure 4 we show the numerical solution obtained with both 2-controls
(dashed line) and 3-controls (solid line), forv = 1,b=1at leftand v = 1072, b = 1
at right. For both cases the domain partition is ; = (0,0.6) and Q3 = (0.3,1).
Note that, for the choice b = 1, we have S| = (}, thus no control function X\
is needed on S7. The regularization parameter is & = 0 in both cases, the same
solution is obtained also for small o > 0. We decompose both Q; and s in
two spectral elements and the common element discretizes the overlap 215. The
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FIGURE 4. Numerical solutions obtained with 2 controls (dashed

line) and 3 controls (solid line) for v = 1, b = 1 at left and for
v =10"2, b= 1 at right. Q1 = (0,0.6), Qs = (0.3, 1).

polynomial degree used is N = 16 in each element of both ©; and Qs when v =1,
while it is V = 16 in each element of ; and N = 24 in Q5 \ Q5 when v = 1072,
As we can see the solution obtained with 3-controls matches on the overlap 1
also with large viscosity v = 1. The dimension of system (3.24) is n = 1 for the 2
controls approach, while it is n = N for the 3 controls approach.

In Figure 5 we show the numerical solution obtained with both 2 controls
(dashed line) and 3 controls (solid line), for v = 1, b = —1 at left and v = 1072,
b = —1 at right. The regularization parameter is @ = 0 in both cases, the same
solution is obtained also for small & > 0. The decomposition of €2 is the same used
for the test case described in the previous figure. The polynomial degree used is
N = 16 in each element of both €7 and Qs and for both v = 1 and v = 102,
In this case the dimension of system (3.24) is n = 2 for the 2 controls approach,
while it is n = N + 1 for the 3 controls approach.

For simplicity of notation we set

Joo = inf Ju(A, A1) and  Jzo = inf Jo(Ai, A1, 0). (5.1)
A1, A1,A2,0

From Figure 6 we note that both jg’a and jg’a vanish as the viscosity tends
to zero. But, as shown in Figure 7 for fixed viscosity and for increasing polynomial
degree N, the values j27a is positive and bounded from below, while the value j37a
tends to zero.

Finally, in Figure 8 both jz,a and jg,a are plotted versus the size of the
overlap.

We consider now some two-dimensional cases.

Test case #1. We consider the following data:

Q=(-1,1)% Q = (-1,.8) x (=1,1), Qy = (.7,1) x (=1,1), (5.2)
b=[y, 0", bp=1, f=1. (5.3)
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FIGURE 5. Numerical solutions obtained with 2 controls (dashed
line) and 3 controls (solid line) for v = 1, b = —1 at left and for
v=10"% b= —1 at right. Q1 = (0,0.6), Q2 = (0.3, 1).
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FIGURE 6. The minimum values jg’a and jg,a versus the viscosity
v, obtained with b = 1 at left and b = —1 at right. For both cases,
a =0 and @ = (0,0.6), Q2 = (0.3,1). The polynomial degree
N is chosen inside the spectral elements in order to guarantee
absence of oscillations. ) is decomposed in 3 spectral elements as
for the test cases presented in the previous pictures.

We impose homogeneous Dirichlet conditions on the right vertical side of 2, g =1
on {—1} x (0,1] and null normal derivative on the horizontal sides of {2 and on
{=1} x[~1,0]. In this case we have S| = {.8} x [—1,0). Along the y coordinate the
mesh is uniform, while along the x coordinate the mesh is finer near the boundary
layer, in particular we have used polynomial degree N = 5 along the y— direction
and N = 12 along the x— direction. €2; is decomposed in 2 x 3 spectral elements,
while 5 is decomposed in 4 x 3 spectral elements. The numerical solution ob-
tained with viscosity v = 1072 and v = 103 for the 2-controls approach is shown
in Figure 9, while in Figure 10 we report the solution of the 3-controls approach.
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FIGURE 7. The minimum values fg,a and jg,a versus the polyno-
mial degree N, obtained with b = 1 at left and b = —1 at right. For
both cases, v = 0.1, @« = 0 and ©; = (0,0.6), 2 = (0.3,1). Q is
decomposed in 3 spectral elements as for the test cases presented
in the previous pictures.
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FIGURE 8. The minimum values jg)a and j37a versus the size of
the overlap, obtained with v = 0.1, b = 1 at left and v = 0.01,
b = —1 at right. For both cases a = 0, we have decomposed {2
in 20 equal spectral elements of equal size H = 0.5 and N = 4
in each element, 7 = (0,0.6) and Qy = (x2,1). The size of the
overlap is meas(12) = 0.6 — x».

The numerical solution of the minimum problem is computed by BiCG-Stab it-
erations. The stopping criterion is that the norm of the normalized residual be
below a tolerance e = 1076, In Table 1 we show the number of iterations needed
to solve the minimum problem for both 2-controls and 3-controls approaches, as
well as the minimum values jg’a(/\l, A2) and jg’a(/\l, A2,v), defined in (5.1), versus
the viscosity v. We may observe that, for the 2-controls approach, the number of
Bi-CGStab iterations is independent of the viscosity, while j27a()\1, A2) decreases
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FIGURE 9. Test case #1. Numerical solution for v = 1072 (left)
and v = 1073 (right) obtained through the 2-controls approach
with @ = 0. The overlap is Q12 = (.7,.8) x (—1,1). The minimum
values of the cost functional J are jz,a =5.67-1075 for v = 1072
and Jy o = 4.92-1077 for v = 1073,

for vanishing viscosities. On the other hand, the number of BiCG-Stab iterations
required by the 3-controls approach decreases when the viscosity vanishes and it
is considerably larger than for the 2-controls approach. Note that the dimension
n of system (3.24) for the 3-controls approach is larger than for the 2-controls ap-
proach. As a matter of fact, the third control v is defined on the whole overlapping
region 5. For the discretization used in this test case, we have n = 24 for the
2-controls approach and n = 193 for the 3-controls approach.
The minimum values jg,a()\l, A2,v) do not depend on the viscosity. We remark
that when we impose a more restrictive tolerance for the stopping criterion of
BiCG-Stab iterations (say ¢ = 107'2), the minimum values Js (A1, A2, v) are
about 10~2* for any value of v, confirming the second assertion of Proposition 4.2.
In the case of the 3-controls approach, if we replace the BiCG-Stab stopping cri-
terion on the residual with J, (A1, A2,v) < j27a()\17)\2), where jg)a()\h)q) is the
minimum obtained for the same value of the viscosity by the 2-controls approach,
then the numerical solution obtained is very poorly resolved and presents oscilla-
tions inside the domain ;.

Test case #2. We consider now a rectangular domain ) with two circular
holes, as described in Figure 11, and the following data

b=[1,0]", bo=10"", f=0. (5.4)

The solution is given u = 1 on the left vertical side of 2, that is the inflow external
boundary for €1, while it is © = 0 on the boundaries of the holes.
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FIGURE 10. Test case #1. Numerical solution for v = 1072 (left)
and v = 1073 (right) obtained through the 3-controls approach

with @ = 0. The overlap is Q12 = (.7,.8) x (—1,1). The minimum
values of the cost functional J are J3 o = 1.97-107 ! for v = 1072
and Js o =5.81- 10~ for v = 1073,

2-controls 3-controls

v #t Jaa | #t J3.0
0.1 18 871-107%[319 2.83.10~ U
0.01 15 5.85-107°|276 1.97-10~
0.001 | 18 4.92-1077|220 5.81-10~"
0.0001 | 18 9.79-1072 | 190 2.45-10~1

TABLE 1. Test case #1. Number of BiCG-Stab iterations needed
to satisfy the stopping criterion on the residual with tolerance e =
1075 and the obtained minimum values for the cost functionals

Jg()\l, )\2) and J3()\1, )\2,’[)).

The space discretization is performed with conformal quadrilateral spectral
elements with polynomial degree N = 8 in each direction. The numerical solution
obtained through the 3-controls approach, for v = 0.05, is shown in Figure 11.

6. Domain decomposition algorithms with “mixed-type” controls

We investigate domain decomposition algorithms based on optimal control ap-
proaches with different types of controls on S;,S5; and in Q2. We consider the
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FIGURE 11. Test case #2. The computational domain (left) and
the 3-controls solution when v = 0.05 (right). No regularization
is done on the problem, i.e. @ = 0. The interfaces S; and Sy are
drawn over the solution.

following optimal control problem: find wuy, us, A1, A2, v s.t.

Liui = f+wv in Qq,
(bn) w1 = (by)"g on Ty, (by) ur=(by)" A on Si,

L2u2 = f in QQ, (61)
uz =g on Iy, (u % + (bi)_uQ> =(2)" A2 on Sy,
inf Ja(’LL]_,UQ,)\]_,)\Q,U), (62)
)\1,)\2,1}

where w and J, have been defined in the previous section, with the exception that

now the term / A2dT is replaced by / (b2)"A2dT.
SQ SQ

The variational equations corresponding to (6.2) are

Lgo)*ql = Xlg(ul — Ug) in Ql, (b}L)“‘ql =0 on 891,
Lgo)*% = —x12(u1 —u2) in o,

0
% + () g | =0 on Sy, (63)
a) A+ )71 =0 on S1, ab?) A2+ (b2) g2 =0 on Sa,

awv +wqg =0 on .

g2 =0 on Ty, v
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The iterative process that we propose to solve (6.3), is: for any given A}, A9,

Liul* = f4+wo™ in Q,
(bn)"uf" = (by,)"g on Ty, (by) uf" = (by)"AT" on Si,

Lgugl = f in QQ,

weo (vGE ) - o s,

L g = xaa(uf —ug') in Qr, (0))*gi" =0 on 90y, o)

L g = —xa2(uf —ug’) in Qs '
g =0 on T, Vag—g—k(bi)*'q? =0 on So,

(by) AT = (b)) ™ AT — i (a(b)) " AT + (bL) ") on Sy,

(02) A5 = (02) 7 A5 — Y ((b2) " g5" + (b2)~g") om S,

+1

wo™ T = wo™ — v (awV™ +wgl™) in Q, m=0,1,....

Proposition 6.1. The assertions of Proposition 4.2 hold true for both problem (6.1),
(4.2) and (6.1), (6.2) (instead of (4.1), (4.2) and (4.1), (4.3), respectively) and for
the process (6.4) (instead of (4.6)).

Proof. We have to prove that problem (6.1), (4.2) is densely solvable. Let us con-
sider the adjoint problem, find ¢;, g2, w such that

Lgo)*ql =x1ow in 1, (b1)Tq =0 on 09y,

Léo)*fh = —Xx12w in

(6.5)
g2 =0 on Ty, V%+(bi)+q2 =0 on So,

(b,ll)_ql =0 on Sl, (b%)_QQ =0 on SQ, wq =0 in Q.

The latter relation implies that g = 0 in ;. Therefore, w = 0 in Q5 and the
function ¢- satisfies the following equations:

Lgo)*quo in Q, ¢=0 on Iy,

(V % + (bi)—i_QQ) =0 on SQ, (bi)_QQ =0 on SQ.

Hence, if g2 = 0 in Qo9, problem (6.5) has the trivial solution, and we conclude that
the boundary value problem (6.1), (4.2) is densely solvable.

The other steps of the proof can be carried out following the proof of Propo-
sition 4.2. (]
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7. Domain decomposition algorithm for the second order elliptic
equations

We revisit the control approach developed in the previous sections for heteroge-
neous domain decomposition methods in the case of a “standard” (homogeneous)
domain decomposition method for elliptic equations.
Let us consider in Q C R? the Dirichlet problem for the second order equation
given by
2.9 du
Lu = — —lajj=— |+ V- (bu)+byu=f in Q, u=0 on 09, (7.1
ijZZI 82171 < ] 8$J> ( ) 0 f ( )
where a;; are bounded smooth functions such that
2
D aii&i&; > ColéP VEER?, x = (21,22) €0
i,j=1
with Cy = const > 0 and conditions on b, by as before.
We introduce the decomposition of 2 onto two overlapping subsets as in Figs.

1-3. To simplify our considerations we assume each subdomain 9572) to be convex

or an) is smooth, for j = 1,...,p. Let us consider the “exact controllability
problem”: find w1, w2, A1, A2, v such that

Luy = f+ x12v in Qy,
ur =0 on Ty, du + (b,ll)_m) = ()" A\ on Sy,
8nL
LUQ = f in QQ, (72)
_ Ouy 2\ — 2\ —
uz =0 on Iy, — + (bn) U | = (bn) Ao on Ss,
8TLL
up = up in g,

2

where du/Ony, = Y a;jn;0u/drj, n = (nq1,ns2) is the outward unit normal vector
ij=1

on the boundary. The weak statement of (7.2) reads: find ux € H (%), A\ €

LQ(Sk_)7 v E LQ(ng) s.t.

ar(u1, 1) = (f + X120, 01) L, (0) + /(b111>_)\1ﬁ1d1—‘ Vi € HE (Q1),
S1
az(uz, i) = (f,42)L,(0,) + /(bi)_)o’tbdr Vig € HE (), (73)
Sa

1
Jo(ur, uz) = Fllxaz(ur — w2)[|7,0) =0

where
Hp () ={ue H' (%), u=0 onTy},
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2
. Juy Ou . N
ay (ug, ) = / Z aija—; a—; —uib - Vi + boutiy | dQ2
G, \id=1 s (7.4)
+/(b§)+ukakdr, k=1,2.

Sk

The optimal control problem reads as follows: find uj, = ux(c) € Hp, (Q), A =
Ai(a) € La(Sy ), k=1,2 and v = v(a) € La(Q2) s.t.

al(ul,'&l) = (f + X12U,ﬂ1)L2(Q1) + /(bi)_)\lﬂldr V’[Ll (S HI1‘1 (Ql),
S1
as(uz, ia) = (f,42) Lo(0) +/(b3)—A2a2dr Vi € HE (Q2), (75)
Sa

inf Ja ()\1, /\2, 11),
)\1,)\2,’0

where
« _ _ 1
Ja()\l,)\g,v):§ /(b;) \2dr +/(bi) Agdr+/v2dg +§|\X12(u1—u2)||§2(9).
1 Sa Q12

The variational equations corresponding to (7.5) are:

al(ulﬂll) = (f?ﬁl)la(ﬂl) + /(lﬁl)_)\lﬁldr
S1
+(xX120, 1) Loy Via € Hp (1),

az(u1,t2) = (f,42)1,(Q,) + /(bi)_)\zfmdr Vi € HE (Q2),

Sa
a1(qr,q1) = (xa2(u1 — u2),41) Ly (0y) Vg € HE, (), (7.6)
a2(Gz, q2) = —(X12(u1 — u2), §2) 1o (01) Vg2 € Hp (),
aby) A+ (by) 1 =0 a. e. on S,
a®y) A2+ (b7) g2 =0 a. e. on Sy,
ax12v + x12q1 =0 in Q.

The following iterative process is similar to those proposed in the previous sections:
if A9, A, v° are given, then the functions )\;"H?)\g”l?vm“ are obtained from
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the solution of:

ar (W, 8) = (f,0) ooy + / (bL)~ ity dT
S1

+(x120™, 1)y (00 Va1 € HE (1),
az(uy', i) = (f,42) L, () f )~ A Gedl Vi, € Hp,(Q),
i, a) = Caaslaf - a). 60 zagon) Vi € HL (1), (1.7)
a2(G2,q3") = —(xaz(ui® — ug'), g2 )LQ(QQ Vg € Ht, (),

(bp) " AT = (bp) ™A — v (b)) " AT + (b)) gi*)  om S,

(b2)" A = ()" A5 — %n(oé(bn)_)\é" +(b7)"a5") on S,

X120 = x120™ = Y (ax120™ + X1247") on {1y,
for m =0, 1,... and for suitable parameters {7, }.

Let us analyze the convergence of solutions given by (7.7) to the solution of
(7.1) as @« — 40 and m — oo. The following statement holds true.

Proposition 7.1. Problem (7.2) (or equivalently (7.3)) as a unique solution and it
is densely solvable. Moreover, if u(9) is the solution of (7.1), and u}({o) =4 in
Qp, u (@), A\ (@), (for k= 1,2) v™ () is the solution obtained by the iterative
algorithm (7.7), then

ZHu —ug ()1, — 0 as a— +0, m — ooc. (7.8)

Proof. Under the assumptions imposed on b, by, f, € in Section 2, problem (7.1)
has a unique solution u € H{(£2). Hence the same function u is also solution of
problem (7.2) (or equivalently (7.3)) when v = 0. Assume that (7.2) has another
solution . Then the difference 4 = u — u satisfies the following equations
0ty

+ (b} =(bL)"A S
SEL @A) ) = (R on i,

ou . _
ﬁ + (bi)_UQ> = (bi) Ao on So,

Lty = x12v in €1, 43 =0on I, <

Lﬁginn 927 QQZOOD Fg, (
ﬂl = ﬂg in ng.

Since the differential operators in the first and second equations coincide, then
using the latter equality we conclude: v = 0 in 5. (This conclusion can be
obtained also from the weak statement (7.3) of problem (7.2)). Now, let us consider
the following integral

2 N
I(u,f&)z/ Zaij%%—ub-Vﬂ—kbouﬂ ds) Vi € Hy(Q),
o \&i=1 Lt
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where up = ujq, for k = 1,2 and u; = ug = u in {212. Integrating by parts we
have:

I(u, @) = (Lur, @)r,0,\00) + (L2, @)1, (00\000) + (LU @) 1, (015)
Ous ou \ . Oouy ou \ .
gtz 9 ) gar o 90 ) gar
+/< 8nL+8nL>u +/< 8nL+8nL)u ’
51 52
where Lup = 0 in Qx\Q2,k = 1,2 and Lu = 0 in Q2. Since
. ou 8’LL1 ou 811,2
= = Q _—= _ =
u; = Uy = u in 19, o, o, on So, oy oL on Si,

then I(u, @) = 0. If we set 4 = u, then

2
I(u,u) = / Z aiﬂ'g—; 88_;7 + (bo—|— %divb) u? | dQ=0
Q 7,j=1 :
and v =0in Q, up =01in Q, k = 1,2, Ay = 0on S7, A2 = 0 on S5 i.e. the
solution of (7.2) (or equivalently (7.3)) is unique.
Let us consider now the weak statement of the adjoint problem with homo-
geneous boundary conditions: find g1, g2, w s.t.

a1(qi, q1) = (X12w, G1) Lo(21) Vg1 € Hp, (),
a2(G2, q2) = —(X12w, G2) L, (02,) V4o € Hp (), (7.9)
(b1)"q1 =0a.e.on S;, (b?2)"qg@=0a.e. on Sy, x12¢1 =0 in ;.

Since x12¢1 = 0 in Q4 then ¢ = 0 in Q42 and w = 0. If we set §o = go then:

2

aQQ aQ2 1 . 2 1 27+ 2

az(q2, q2) = / (Z ij G o, + | bo+ §leb g3 |+ 3 /(bn) gadl" =0
Q, NBI=L Sa

and g2 = 0 in Q9, g3 = 0 in Q, w = 0, i.e. problem (7.7) has the trivial solution.

This means that problem (7.2) (or equivalently (7.3)) is densely solvable and the

following relation holds true (see [1]):

2
> (I = (@)l @ + I = M@l r) ) + Ixaz0(@) 2,0
k=1

Flixaz(ui(a) — uz(a))|,@) — 0 as o — 40, (7.10)
where ug (), A\ («), & =1,2 and v(«) is the solution of the optimal control prob-
lem (7.5) for a > 0, while u,(CO), )\](go)7 k=1,2 and v(9 = 0 denotes the solution of
the exact controllability problem (7.2).

The convergence estimate (7.8) follows by the convergence of the iterative method
(7.7), for suitable relaxation parameters v, ([1],[14],[22]). O

Remark 7.2. The results proved in Proposition 7.1 remain valid for Q C R? and
for elliptic systems.
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